Google 



This is a digital copy of a book that was preserved for generations on library shelves before it was carefully scanned by Google as part of a project 

to make the world's books discoverable online. 

It has survived long enough for the copyright to expire and the book to enter the public domain. A public domain book is one that was never subject 

to copyright or whose legal copyright term has expired. Whether a book is in the public domain may vary country to country. Public domain books 

are our gateways to the past, representing a wealth of history, culture and knowledge that's often difficult to discover. 

Marks, notations and other maiginalia present in the original volume will appear in this file - a reminder of this book's long journey from the 

publisher to a library and finally to you. 

Usage guidelines 

Google is proud to partner with libraries to digitize public domain materials and make them widely accessible. Public domain books belong to the 
public and we are merely their custodians. Nevertheless, this work is expensive, so in order to keep providing tliis resource, we liave taken steps to 
prevent abuse by commercial parties, including placing technical restrictions on automated querying. 
We also ask that you: 

+ Make non-commercial use of the files We designed Google Book Search for use by individuals, and we request that you use these files for 
personal, non-commercial purposes. 

+ Refrain fivm automated querying Do not send automated queries of any sort to Google's system: If you are conducting research on machine 
translation, optical character recognition or other areas where access to a large amount of text is helpful, please contact us. We encourage the 
use of public domain materials for these purposes and may be able to help. 

+ Maintain attributionTht GoogXt "watermark" you see on each file is essential for in forming people about this project and helping them find 
additional materials through Google Book Search. Please do not remove it. 

+ Keep it legal Whatever your use, remember that you are responsible for ensuring that what you are doing is legal. Do not assume that just 
because we believe a book is in the public domain for users in the United States, that the work is also in the public domain for users in other 
countries. Whether a book is still in copyright varies from country to country, and we can't offer guidance on whether any specific use of 
any specific book is allowed. Please do not assume that a book's appearance in Google Book Search means it can be used in any manner 
anywhere in the world. Copyright infringement liabili^ can be quite severe. 

About Google Book Search 

Google's mission is to organize the world's information and to make it universally accessible and useful. Google Book Search helps readers 
discover the world's books while helping authors and publishers reach new audiences. You can search through the full text of this book on the web 

at |http: //books .google .com/I 



t aiu.c- / I u / . / /. V / 




Satbatt ilEollcse I^itiati 

THE GIFT OF 

GINN AND COMPANY 

DECEMBER 26, 1923 



^F^ 



'^ 



r 



SECONDARY 
MATHEMATICS 

I. 

By 

Harry M. Keal 

Head of the Mathematics Department 

Cass Technical High School 

Detroit, Michigan 

and 

Nancy S. Phelps 

Grade Principal 

Southeasjern High School 

Detroit, Michigan 




ATKINSON, MENTZER 6f COMPANY 

NEW YORK CHICAGO ATLANTA DALLAS 



v.- ri.j..A .e.. V 



^^^■■i^""^™B*B«H 






HARVARD (.lu. . . :.,ARy 
CUT c. 

DcC. 26, WlZ 



COPYRIGHT, 1917, BY 
ATKINSON. MENTZER & COMPANY 



Introduction 



THE growth of this series of Mathematics for Secondary Schools, 
has covered a period of seven years, and has been simultaneous 
with the growth and development of the shop, laboratory, and 
drawing courses in Cass Technical High day school, as well as in the 
evening and continuation classes. 

The authors have had clearly in mind the necessity of first developing 
a sequence of mathematics that would enable the student to recognize 
fundamental principles and apply them in the shop, drawing room, and 
laboratory; and, second to so develop the coiu^e that each year's work 
would be a imit and not depend upon subsequent development for 
intelligent application. 

It has been assumed that the school work-shop, drawing room, and 
laboratory would furnish opportunity to apply mathematics and that it 
was not necessary to exhaust every possible application in the 
Eoathematics class. 

The authors have been aware of the popular demand for a closer union 
of algebra and geometry, but have recognized that demand only when 
the imion came about naturally and would assist the mathematical 
sequence desired. 

Instructors in the wood shop, , pattern shops, machine shop, drawing 
rooms, chemistry, physics, and electrical laboratories, etc., have furnished 
examples of mathematical application incident to the respective 
subjects. Hundreds of problems arising in the industries, have been 
brought in by the machinists, sheet metal workers, carpenters, electrical 
workers, pattern makers, draughtsmen, etc., etc., coming to the evening 
and continuation classes. Complete charts of machine shop work and 
electrical distribution requirements have been made, including a 
statement of the required sequence of mathematics. All of this material 
has been classified, with a view to the mathematical sequence. 

The net result is a series of Mathematics so organized that a mastery 
of the text makes it possible for a student to use mathematics intelli- 
gently in the various departments of the school, in the industries, and 
at the same time prepare for college mathematics. 

E. G. ALLEN, 

Director Mechanical Department, 

Caaa Technical High School, 
Detroit, Mich. 
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CHAPTER I 



THE EQUATION 




1 In order to find the weight of an object, it was placed on 
one pan of perfectly balanced scales (Fig. 1). It, together 
with a 3-lb. weight, balanced a 10-lb. weight on the other pan. 
If 3 lbs. could be taken from each pan, the object would be 
balanced by 7 lbs. This may be expressed by the eqvMion, 
.x+3 = 10, in which the expressions x+3 and 10 denote the 
weights in the pans, the sign ( = ) of equality denotes the per- 
fect balance of the scales, and x is to be found. 

2 Equation: An equation is a statement that two expres- 
sions are equal. The two expressions are the members of the 
equation, the one at the left of the equality sign being called 
the first member, and the one at the right, the second member. 

S From the explanatory problem, it will be seen ihat the 
same number mxxy be subtracted from both members of an equation. 

Oral Problems: 
Solve for x: 

1. xr|-7:^21 3. x+l.l = 3.5 6. 

2. x+2 = 3 4. x+2f = 7i 

1 



x+f=^ 



T^ 



THE EQUATION 
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4 It is required to find the weight of a casting. It is found 
that 3 of them exactly balance a 10-lb. weight (Fig. 2). If the 
weight in each pan could be divided by 3, one casting would be 
balanced by 3j lbs. This may be expressed by the equation, 

3x=10, 
X = 33, (dividing both members by 3) 

6 From this explanatory problem, it will be seen that both 
members of an equation may be divided by the same number. 

Oral Problems: 
Solve for x: 

1. 4x=12 

2. 2x=16 

3. 5x=9 

4. llx = 33 
6. l.lx=12.1 

Example : Solve for x : 5x+ 12 = 37 

5x=25 Why? 
x= 5 Why? 
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Exercise 


1 




3 for the unknown: 






• 


1. 


x+l = 5 




11. 


9x+8=116 


2. 


.x+7=9 




12. 


7w+5| = 12f 


8. 


2a+6=16 




18. 


28t+14=168 


4. 


3x+7=28 




14. 


3x-|-4j=9 


5. 


6s+17=62 




16. 


15s+.5=26 


6. 


9x+12=93 




16. 


llx+i=^» 


7. 


2x+l=6 




17. 


1.2x+2=14 


8. 


5y+3=15 




18. 


4.6x+8=100 


9. 


4n+3.2=15.2 




19. 


6.3x+2.4=15 


10. 


12m+8 = 98 




20. 


7.1m+.55=9.07 



/r\ 




Fig. 8 



6 If an apparatus is arranged as in Fig. 3, it is seen that if 
the upward pull of 2 lbs. be removed, 2 lbs. would have to be 
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put upon the other pan to keep the scales balanced. This 
may be expressed by the equation, 

4x-2=10 

4x = 12 (Adding 2 to both members) 
X = 3 (Dividing both members by 4) 

7 From this problem, it will be seen that the same number 
mxiy he added to both members of an equation. 

Oral Problems: 

Solve for x: 

1. 3x-4=8 

2. 7x-l = 15 

3. 4x-f = 7i 

4. 5x-.l = .9 
6. 2x-| = 6| 

Exercise 2 
Solve for the unknown: 

1. x-7=10 11. 13r-21=44 

2. 2x-13 = ll 12. 12s-35=41 

3. 5x-17=13 13. 7f-4=26 

4. 4x-ll = 25 14. 4x-3 = 16 

6. 3x-7=15 16. 9x-3.2=14.8 

6. 12x-4=44 16. 3m-2=3.1 

7. 7m-6=31 17. 14x-5=21 

8. 4x-18=18 18. 2.1x-3.2=3.1 

9. 17t-3^=13f 19. .5y-4=5.5 
10. llx-9 = 90 20. 3x-9| = 8.5 



SIMILAR TERMS 

Exercise 3. Review 



Solve for the unknown: 








1. 


9x-8^46 


6. 


3w-lJ = lf 




2. 


8x-7=53 


7- 


19t-.2=3.6 




3. 


5x+7=28 


8. 


6.37n+3.92= 73.99 


4. 


28m-9=251 


9. 


.4x+.02=,076 




6. 


16y+13 = 73 


10. 


2s+2j = 9f 




11. 


Two times a number increased by 43 equals 63. 
the number. 


Find 



12. If 10 be added to 3 times a number, the result is 50. 
What is the number? 

13. Five times a number decreased by 6 equals 39. Find 
the number. 

14. If 55 be subtracted from 7 times a number, the result 
is 22. What is the number? 

16. If to 57 I add twice a certain number, the result is 
171. What is the number? 

18. State the first five problems in this exercise in words. 

8 How many yards of cloth are 7 yds. and 5 yds.? 

How many dozens of eggs are 12 doz. and 3 doz.? 
« 
How many bushels of wheat are 8 bushels and 1 1 bushels? 

How many b's are 4 b's and 7^ b's? 

How many x's are 3x and 9x? 

In such expressions as 2a+3x+4+2x+7+3a, 2a and 3a 
may be combined, 3x and 2x, and also 4 and 7, making 
the expression equal to 5a+5x+ll. 2a and 3a, 3x and 
2x, 4 and 7 are called similar terms. 



Example 1. 



Example 2. 
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Solve for x: 

4x+13x— 7x=40 

lQx=40 (oombining siiiiilar terms) 
x=4. Why? 
Solve for x: 

14x+7-2x=43 

12x+7=43 Why? 

12x=36 Why? 

x=3 Why? 

9 8-7+3 = ? 8x-7x+3x=? 

8+3-7=? Smularly 8x+3x-7x=? 
3-7+8=? 3x-7x+8x=? 

10 These problems illustrate the principle that ihe value of 
an expression is unchanged if the order of its terms is changed, 
provided each term carries with it the sign at its left. 

NOTE: If no sign is expressed at the left of the first term, the sign 
(+) is miderstood. 



Example 1. 


15-3x+llx=39 






8x+15=39 


Why? 




8x=24 


Why? 




x=3 


Why? 


Example 2: 


lly-4+21 = 50 






lly+17=50 


Why? 




lly=33 


Why? 




y=3 


Why? 



ORDER OF TERMS 



Exercise 4 



Solve: 
1. 
2. 
8. 
4. 
5. 
6. 
7. 
8. 
9. 
10. 



4x-x = 12 

llx+3x=35 

14x-3x=44 

3x+7x=90 

9y-9y+8y=40 

4s+3s-2s=17 

3.2x+2.3x=110 

1.3y-2.7y+3.3y=57 

11.2x+7.8x=57 

l.ls-1.4s+lls = 26.75 



Exercise 6 



Solve: 

1. x-18=17 

2. x+18=21 
8. 2y- 16=30 
4. 3m-m=21 
6. 3m-l = 23 

6. 6.5x- 1.1 = 60.9 

7. 4x+3x-3=.25 

8. lly-4y-7 = 28 



9. 12x-8x+6+3x=8+12 

10. 25x+20-7x-6+6x=56+5 

11. 8x+60+4x-60+3x-7x=20 

12. 2-2x+7x=42.5 
18. 3y+1.2+2y=46 
14. x-1.25x+12.7+3.6x=38.7 
16. 2x+15.8-2.3x+14.5x = 186.2 
16. 6.15y-1.65y+7.8 = 57.3 

17. 8y+6.875+2y=46.875 

18. z-8.73+5.37z=61.34 

19. 5t7-8.75t+6.87+8t = 57.87 

20. 3.73x-9.23+15x=65.69 
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11 Equations often arise in which the unknown appears in 
both members. In that case, aim to make the term containing 
the unJcnown disappear from one member, and the one contain- 
ing the known, from the other member. 

Example 1: 3x— l=x+3 

3x=x+4 (adding 1 to both membere). 
2x = 4 (subtracting x from both members). 
x=2 Why? 

Note that in adding or subtracting a term from both members, it must 
be combined with a similar term. 

E]xample 2: 

5x+4-3x-l = 7-x+2 

2x+3 = 9~X (combining similar terms in each member). 
2x=6— X Why? 
3x=6 Why? 
x = 2 Why? 



Exercise 6 



Solve: 

1. 2x-6=x 



2. 2x+3=x+5 

8. 13x-40=8+x 

4. 7y-7=3y+21 

5. 9x-8=25-2x 

6. 20+lQx = 38+4x 

7. 3x+9+2x+6 = 18+4x 

8. 6x+3-x=x+18 

9. 7m-18+3m=12+2m+2 

10. 18+6m+30+6m=4m+8+12+3m+3+m+29 
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11. '25x+20-7x-5=56-5x+5 

12. lQx-61-12x+27x=8x-41+20+4x+25 
18. 25f+5x+6x+9|-2x=180-8x-8| • 
14. 2.8x+39.33+x=180-1.2x+32.09-7.16 
16. 5x+26f+9x=360-5x-143f 

12 If an object in one pan of scales will balance a 4-lb. weight 
in the other, it will be readily seen that 6 objects of the same 
kind would need 20 lbs. to balance them. This may be 
expressed by the equation, x=4 

5x = 20 (multiplying both members by 6). 

13 From this problem, it will be seen that both members of an 
equation may he midtiplied by the same number. 

This principle is needed when the equation contains frac 
tions. The process of making fractions disappear from an 
equation is called dearing of fractions. 

H RULE: To clear an equation of fractions, multiply both members 
by the lowest common denominator (L. C. D.) of all the fractions 
contained in the equation. 

Example 1: -+3=4 

X+6 = 8 (multiplying both members by 2). 
X = 2 Why? 

^ , ^ r r 16 
Example 2: = — 

3 7 3 

7r — 3r = 11 2 (multiplying both members by 21) . 

4r=112 Why? 

r = 28 Why? 
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__ ^«, m^o.niTiii 
Example 3: — — 3t%H = 

4 ^® 5 5 3 

15m-198+12in=84-20m Why? 

27m -198 =84 -20m Why? 

47m -198 =84 Why? 

47m =282 Why? 

m=6 Whv? 

15 The four principles used thus far may be more generally 
stated as follows: 

t. If equals are added to egtiak, the results are equal, 

2. If equals are subtracted from equals, the results are equal. 

8. If equals are multiplied by equals, the results are equal. 

4 . // equals are divided by equals, the results are equal. 



Exercise 7 



Solve: 



^ m m .^ ^ X 2 X 

1. — — — = 10 6. -— - = - 

3 6 2 3 6 



2. ?+-=9 7. ^=^+16 

5 4 3 7 



8. ?r+?r=i7 8. ?x+3=^+4 
3 4 5 3 

4. x+ix=6 9. — h-= — h- 
^ 9 6 18 3 



5. x-|x=7 10. ??-l = iL+5 

7 3 21 
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11. l^s+fs = s+13 13. -+4r-— =26+l^r 

4 3 



12. ■|x+2A = 3+- 14. ?+?-?+^ = 82 

^ ^ 4 2 3 4 10 

15. 7x+^+— +23= -+54x+113 
7 5 10 

16 Sometimes it is convenient to make the term containing 
the unknown disappear from the first member, and the one 
containing the knovm, from the second. 

Example 1: x+6=3x-2 

6 = 2x-2 Why? 

8=2x Why? • 

x = 4 Why? 

Example 2: — =4 

3x 



Solve: 



1. 


1^^. 




a 


2. 


^=15 

a 


8. 


1 = 2 

4x 



16= 


= 12x 


Why? (L. C. D. 


is3x) 






x= 


= li 


Why? 

Exercise 8 










> 






4. 


3x 
4 


7 
"2 


f 






5. 


16 _ 


2x 



5 3 



6. 14 = x+9* 



7. 17 = 2x-3 
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8 x+10=2x-9 12. — +47= — +4n 

2 7 



». 2x-2i=5x-17i M. :5?-i=lI?-?-2|a 

2 3 3 



10. 7x+20-3x=60+4x-50+8x 14. .bc+6^=.3x+.2 



11. 3m+60=15m+3-2m+7 15. 10+.lx=5+|x 



Exercise 9 



Solve: 






1. 


7m ^, .1 13m 
6 '12 


3 9 6 2 



i. 7x-8=6x+4x 6. 1+--?=--- 

* 2 5 6 3 4 



8. ^_?=25|-^ T. y-?+2|=?-y+y 

56 3 12 8484 



4. ^+3=-x-2 8. -x-'^x+4f=3x+- 

3 6 3 5 ' 15 



9. ll^x-l^x-302=60+l|x+183 



10. x-3|+|x=9|-f 
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Exercise 10 

1. Five times a certain number equals 155. What is the 
number? 

2. Four times a number increased by 7 equals 43. Find the 
nimiber. 

8. Twelve times a number decreased by .18 is equal to 
17.82. Find the number. 

4. There are three numbers whose sum is 72. The second 
number is three times the first, and the third is four times the 
first. What are the nimibers? 

6. The sum of two numbers is 12 and the first is 4 more 
than the second. What are the numbers? 

6. If 10 is subtracted from three times a number, the 
result is twice the nimiber. Find the number. 

7. If ^ of a number is increased by 6, the result is 30. 
Find the number. 

8. The sum of ^, ^ and* J of a number is 26. What is the 
number? 

9. Divide 19 into two parts so that one part is 6 more 
than the other. 

10. Divide' 19 into two parts so that one part is 6 times 
the other. 

11. Divide $24 between two persons so that one shall 
receive $2§ more than the other. 

12. A farmer has 4 times as many sheep as his neighbor. 
After selling 14, he has 3^ times as many. How many had 
each before the sale? 
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15. Two men divide $2123 between them so that one receives 
$8 more than 4 times as much as the other. How much does 
each receive? 

14. Three candidates received in all 1020 votes. The first 
received 143 more than the third, and the second 49 more than 
the third. How many votes did each receive? 

16. A man spent a certain sum of money for rent, f as 
much for groceries, $2 more for coal than for rent, and $28 
for incidentals. In all he paid out $100.00. How much did 
he spend for each? 

16. A farmer has 24 acres more than one neighbor and 62 
acres less than another. The three together own one square 
mile of land. How much has each? 

17. A man traveled a certain number of miles on Monday, 
^ as many on Tuesday, f as many on Wednesday as on Mon- 
day, and on Thursday 10 miles less than twice as many as he 
did on Monday. How far did he travel each day if his trip 
covered 82 miles? 

18. One man has 3 times as many acres of land as another. 
After the first sold 60 acres to the second, he had 40 acres 
more than the second then had. How many acres did each 
have before the transaction? 

19. One boy has $10.40 and his brother has $64.80. The 
first saves 20 cents each day, and his brother spends 20 cents 
each day. In how many days will they have the same amount? 

20. A man after buying 27 sheep finds that he has If 
times his original flock. How many sheep had he at first? 



CHAPTER II 

EVALUATION 

17 Definite Numbers: The numerals used in arithmetic have 
definite meanings. For example, the numeral 7 is used to 
represent a definite thing. It may be 7 yards, 7 pounds, 7 
cubic feet or 7 of any other unit. Also in finding the circum- 
ference of a circle, we multiply the diameter by n which has a 
fixed value. Numerals and letters which represent fixed values 
are called definite numbers. 

18 General Numbers: The area of a rectangle is found by 
multiplying the base by the altitude. This may be expressed 
by bXa, in which the value of 6 may be 10 ft., 6 in., 30 rds., 
or any number of any unit used to measure length, and a may 
be any number of a Uke imit. Letters which may represent 
different values in different problems are called general numbers, 

19 Signs: When the multiplication of two or more factors is 
to be indicated, the sign of multiplication is often omitted or 
expressed by the sign (•). Thus 7XaXbXm is written 
7-a-b-m or more often 7abm. 

NOTE: Care should be taken in the use of the sign (•) to distinguish 
it from the decimal point. 7-9 means 7X9, 7.9 means 7i^o- 

20 Coefficient: The expression 7abm may be thought of as 
7ab-m, 7 a-bm, 7-abm, or 7b -am, etc. 7ab, 7a, 7, and 7b 
are called the coefficients of m, bm, abm, and am respectively. 

• 

1. In the following, what are the coefficients of x^ 4abx; 
l^xyz; 17mxw. 

2. Name the coefficients of ab in the following: 3^axby; 
fmabz; .9bnsa. 

3. What is the coefficient of 17 in 17mxw? 

15 
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The coefficient of a factor or of the product of any number 
of factors, is the product of all the remaining factors. In 
8axy, 8 is the numerical coeflScient. The xiumerical coeflScient 
1 is never written, laxy is written axy. 

21 Power: If all the factors in a product are the same, as 
x-x-X'X, the product is called a power, x-x-x-x is read "x 
fourth power" and is written x*- a*a-a-a-a is read "a fifth 
power" and is written a^ b-b or b^ is "b second power" but 
is more often read "b square." In the same way b-b-b (b') 
is called '*b-cube." 

22 Exponent: The small nmnber written at the right and 
above a number is called its exponent and it indicates the power 
of the number. The exponent^l is never written, x means 
x^ or *'x first power." 

23 Base: The number to be raised to a power is called the 
base. 

Name the numerical coefficients, bases and exponents in the 
following: 

V®x^ 5^aio, 3.7m2nS ^ttt^, Ifm l|m\ 

24 Sign of Grouping: The Sign of Grouping most commonly 
used is the parenthesis ( ) and means that the parts enclosed 
are to be taken as a single quantity. For example, 3(x-y) 
means that x-y is to be multiplied by 3 making 3x - 3y. (x -y)' 
means (x-y) (x-y) (x-y). 

25 Evaluation: Evalvxdion of an expression is the process of 
finding its value by substituting definite numbers for general 
numbers in the expression, and performing the operations 
indicated. 
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Example 1 : Evaluate 4a V if a = 3, x = 2. 

4a2x8=4.32.23=4-9-8=288. 

2? 5b* m^ 

Example 2: Find the value of —. ; + ;r"9 

^ m' c^ 2a' 

when a=l, b=2, e=5, m = 2. 



m' c^ 2a5 2» 6^ 2 1» 

_ ^ _ 80 32 

8 ~ 25 2 

= 1 - L6 +16 
8 5 

_ 5-128+640 
40 

Example 3: Evaluate a(a— b+yO when a =13, b=3, y=4. 
a(a-b+y2) = 13(13-3+42) 

= 1326 

=338 

Exercise 11 
Evaluate the following if a =8, b=6, c=4, d=2, x=9: 
1. 2x 7. 3x2 

8. (3x)2 

9. llax 

10. 2abcd 

11. 22h^ 
6. X* 12. x^-a* 



2. 


x» 


3. 


3x 


4. 


x» 


6. 


4x 
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/ ,x 111 

13. x(a+b) 17. — r+i 

X b d 

14. 4b(x-c) 18. (x+a)(c-d) 



15. a2+2ab+b« 19. V4ad 

16. c2-2cd+d2 20. ab(c-3) 



Exercise 12 

Find the value of the following, when a =2, b=3, e = 7, 
d=4, m = l, x = 5: 

1. |a»x2c 11. (3x+7)(c-2) 



2. x^— a^ 12. Vb«-|-d* 

13. ^^(x2-c2+25) 

4. 3b2-4m2 bd 

5. xM-a^m 14. a'(x-c+3m)(c2+d*) 



6. 2aV(c-d) 15. ^ad 

7. 4+-T 16- ^(x2+a«-b2)(c2-d2-m») 
a^ d 2d 

8. §(x+a)c 17. Vx(a+b) 

9. iaVc(b3-d2) 18. ^d(a+b)+c 

b' d* a' 

20. (a+b)(b+c)-(b+c)(x+d)+(x+d)(d+m) 
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Evaluation of Formulas 

26 A Formula is the statement of a rule or principle in terms 
of general numbers. For example, distance traveled is equal to 
rate times time. 



Formula, d=r.t 



Iwt 



Example 1 : Evaluate b = — (Formula for board feet) 

when 1=16', w=8^t=2'' 
16^8. 2 



b= 



12 



= 2li 



Example 2: Evaluate A = ^h(b+b') (Area of a trapeaoid) 

ifh=33^,b=12ib' = 6| 

A=^3A (12i+6i) 
A=i.3^-18f 



. 1 51 75 
A=-. — . — 

2 16 4 



3825 
128 



= 29iY^ or 29.102- 



Perimeter Formulas 

27 The perimeter of a figure enclosed by straight lines is the 
sum of its sides. 

6 



Fig. 4. Square 



Fig. 5. Rectangle 
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Fig. 6. Triangle 



Fig. 7. Quadrilateral 



Exercise 13 



1. The perimeter of a square (Fig. 4) is equal to 4 times 
one side. P=4a. Find P, if a =9. 

2. Find the value of P, in P=4a, if a=lj. 

3. Find the value of P, in P=4a, if a= 1.175. 

4. The perimeter of a rectangle (Fig. 5) is equal to 
a+b+a+b=2a+2b = 2(a+b). P = 2(a+b). Find P, if 
a = 3, b = 5. 

5. FindP, inP = 2(a+b), if a=ib = f. 

6. Find P, in P=2(a+b), if a= 1.7862, b = 2.1324. 

7. The perimeter of a triangle (Fig. 6) is expressed by the 
formula, P = a+b+c. Find P, if a=7, b = ll, c=19. 

8. Evaluate P=a+b+c, if a=|^, h=^, c = f. 

9. Find the value of P, in P = a+b+c, if a = 7.621, b = 
8.37, c = 1.3. 
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10. The perimeter of a' quadrilateral (Fig. 7) is expressed 
by the formula, P = a+b+c+d. Find P, if a = 20, b = 15, 
c=13, d=14. 

11. Evaluate P=a+b+c+d, when a = lf, b = l|^, c = l^, 
d = li 

12. Find P, in P=a+b+c+d, if a = 172.32, b = 96.3, 
= 81.04, d = 56.2. 



Exercise 14. Equations Involving PerimeteiTs 

1. The perimeter of a square is 96. Find a side. 

2. The perimeter of a triangle is 114. The first side is 6 
less than the second and 24 less than the third. Find the sides. 

3. Find the dimensions of a rectangle whose perimeter is 
48 if the length is 3 times the width. 

4. Find the dimensions of a rectangle if its length is 4 
more than the width and xts perimeter is 82. 

6. The length of a rectangle is 4 more than twice the 
width and its perimeter is 135^. Find the length. 

6. The perimeter of a rectangle is 48.648. Find the width 
if it is J of the length. 

7. The perimeter of a rectangle is 94. The width is 11.3 
more than f of the length. Find the length and the width. 

8. The perimeter of a quadrilateral is 176. The first side 
is J of the second, the third is 8 more than the second, and the 
fourth is 3 times the first. Find the sides. 
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Exercise 15. 



Fonnulas 




Of 

Fig. 8. Rectangle 



T 

1 



Fig. 9. Parallelogram 




Fig. 10. Triangle 



T 



Fig. 11. Trapezoid 



1. The area of a rectangle (Fig. 8) is equal to the base 
multiplied by the altitude. A = ab. Find A, if a = 11.5, 
b = 18.6. 

2. Evaluate A=ab, if a = 2|, b = 3f. 

3. Express the result of problem 2 in decimal form. 

4. The area of a parallelogram (Fig. 9) is the base times 
the altitude. A=a-b. Find A, if a=l3^, b = 6.71. 

6. The area of a triangle (Fig. 10) is \ the product of the 
base and altitude. A=Jbh. Find A, if b= 12.23, h. = 6.57. 

6. Evaluate A=|b.h, if b=9f, h=4|. 

7. The area of a trapezoid (Fig. 11) is ^ the product of 
the altitude and the sum of the parallel sides. A=§h(b+b'). 
Find A, if h = 10f, b=19f, b' = 12|. 

8. Express the result of problem 7 in a decimal correct 
to .001. 
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Exercise 16. Circle and Circular 



Fonnulas 





Fig. IS. Circle 



Fig. IS. Circular Ring 



r= 



1. C = 27rr. (Fig. 12). Find C, if 7r = 3. 1416 (See art. 17), 
li. 

2. C = 7rD. Find C, if D = 5.724. 

3. A = 7rr2. Find A, if r=li. 

4. A=.7854D2. Find A, if D = 5.724. 

6. A=7r(R2-r2) (Fig. 13). Find A, if R=7i r=4i 



Exercise 17. General Formulas 

Evaluate the following formulas for the values given: 

1. P = awh, if a=120, w = .32, h = 9^. 

2. W=-.p, ifl = 25, h=4j, p = 60. 

h 

3. F=l|d+iifd = lf. 

4. L=lfd+|,if d = 2j. 

6. S = ^gt^, if t = 4. (g is a definite number. Its value is 32.16). 

6. S = ^g t^+vt, ift = 3, v = 7. 

7. D= Va2+b2+c2, if_a = 3, b = 4, c = 12. 

8. V=ih(b'+b+ Vb.bO, if h = 2f, b = 12, b' = 3. 



9. F= 



uv 



u+v, 
10. V = |7rr3, if r=2.3. 



if u = 11.5, v = 6.5. 
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Checking Equations 

28 The solution of an equation may be tested by evaluating 
its members for the value of the unknown quantity found. 
If its members reduce to the same munber, the value of the 
unknown is correct. 

Example: 2x+?^?^^ = 3x+l. 

^ , 6x-2 ^ , , 
2x+-— — = 3x+l. Why? 
5 

10x+6x-2= 15x+5. Why? 
x = 7. Why? 

Check: 
^ 2(3-7-1) ^3 

14+8=21+1. 
22 = 22. 

Exercise 18 

Solve and check: 

1. 6y-7=3y+20. ^ 2 (x+2) _y_ 

2. ll = 3x+9. ^ 

„ 7(8+3 ) S 8, „ 

- X , X „ 8. =-+2. 

3. --l=--2. 12 6 4 

9. 2x-l=f(5-x)-l|. 

4. 2(2x+5) = 13. ^ ^ 

5. 6(z-6) = z+8. Note: f(5-x) = -^^ 

6. ?^±11=3. 10. ^(x+l)+5±3_1.4i 

5 5 4 5 



CHAPTER III 



THE EQUATION APPLIED TO ANGLES 



29 Angle: If the line OA (Fig. 14) 
revolves about O as a center to the 
position OB, the two Unes meeting at 
the point O form the angle AOB. The 
point O is called the vertex of the angle 
and the lines OA and OB are called 
the sides of the angle. 




Fig. 14. Angle 



a 



Fig. 15. Right Angle 



S A 

Fig. 16. Straight Angle 



A 

Fig. 17. Perigon 



SO Right Angle: If the line turns 
through one fourth of a complete rev- 
olution (Fig. 15), the angle is called a 
Right Angle. 



Si Straight Angle: If the line turns 
through one half of a complete rev- 
olution (Fig. 16), the angle is called a 
Straight Angle, 

S2 Perigon: If the line turns through 
a complete revolution (Fig. 17), re- 
turning to its original position, the 
angle is called a Perigon. 



How many right angles in a straight angle? 
How many right angles in a perigon? 
How many straight angles in a perigon? 
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Fig. 18. Protractor 

S3 A Protractor (Fig. 18) is an instrument used for measuring 
and constructing angles. On it; a straight angle is divided 
into 180 equal parts called degrees, written 180®. 

How many degrees in a right angle? 

How many degrees in a perigon? 




Fig. 19 

Drawing Angles 

34 Example: Draw an angle of 37°. 

Using the straight edge of the protractor, draw a straight 
line OA. Place the straight edge of the protractor along the 
line OA, with the center point at O. Count 37° from the point 
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where the curved edge touches OA and mark the point B 
(Fig. 19). Again use the straight edge of the protractor to 
connect the points O and B. 



Exercise 19 



1. Draw an angle of 30®. 

2. Draw an angle of 45®. 
8. Draw an angle of 60®. 
4. Draw an angle of 120°. 
6. Draw an angle of 135°. 



6. Draw an angle of 150°. 

7. Draw an angle of 18°. 

8. Draw an angle of 79°. 

9. Draw an angle of 126°. 
10. Draw an angle of 163°, 



Measuring Angles 




Fig. so 

35 Example: Measure the angle AOB. 

Place the straight edge of the protractor along one side of 
the angle as OA, with its center at the vertex of the angle 
(Fig. 20). Count the niunber of degrees from the point where 
the curved edge of the protractor touches OA to the point 
where it crosses the line OB. The angle AOB contains 54°. 
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rio II 



F/6 ZZ 



FIG 23 



F/6 24 



F/6 2S 



F/G 26 




F/G 29 



F/G SO 



F/G 27 



F/G 28 



Exercise 20 



1. Measure the angle in Fig. 21. 

2. Measure the angle in Fig. 22. 

3. Measure the angle in Fig. 23. 

4. Measure the angle in Fig. 24. 
6. Measure the angle in Fig. 25. 



6. Measure the angle in Fig. 26. 

7. Measure the angle in Fig. 27. 

8. Measure the angle in Fig. 28. 

9. Measure the angle in Fig. 29. 
10. Measure the angle in Fig. 30. 



Reading Angles 




36 Reading Angles: An angle is 
read with the letter at the vertex 
between the two letters at the 
ends of the sides. The angle 1 
in Fig. 31 is read BAG or CAB 
and is written Z BAG or Z GAB. 
ReadtheangleZ2;Z3. (Fig.31). 



Fig. 31 
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A F/6 34 



Exercise 21 



1. Read the Zs 1, 2, 3, (Fig. 32). 

2. Read the Zs 1, 2, 3, 4, (Fig. 33). 

3. Read the Zs 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, (Fig. 34). 

4. Read the Zs 1, 2, 3, 4, 5, (Fig. 35). 
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Exercise 22 

1- Measure the ZCAD (Kg. 31). 

2. Measure the ZACB (Kg. 32). 

3. Measure the ZCDA (Fig. 33). 

4. Measure the ZEFA (Kg. 34). 
6. Measure the ZBGF (Kg. 35).* 




S7 Zl +Z2 +Z3 +Z4 = ZAOB 
(Fig. 36). If AOB is a straight line, 
the Z AOB contains 180''. Therefore 

Zl+Z2+Z3+Z4=180^ 

38 The sum of all the angles abotU a 
point on one side of a straight line is 180°. 



Exercise 23 




Fig. S7 





Fig.SS 



Fig.S9 



1. Find X in Fig. 37. Check with a protractor. 

2. Find X in- Fig. 38. Check. 

3. Knd the unknown angle in Kg. 39. Check. 

4. Three of the four angles about a point on one side of 
a straight line are 16®, 78°, 51°, respectively. Find the fourth 
angle. 
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6. Find the three angles about a point on one side of a 
straight line if the first is twice the second, and the third is 
three times the first. 

6. Draw with a protractor the angles of problem 5 as in 
Figs. 37, 38, 39. 

7. Find the three angles about a point oh one side of a 
straight line if the first is twice the third, and the second is 
a right angle. 

8. Draw the angles of problem 7. 

9. Find the four angles about a point on one side of a 
straight line if the second is 5^ less than the first, the third is 
6^ more than the first, and the fourth is 68^. 

10. Draw the angles of problem 9. 

Exercise 24 

Example: 

The three angles about a point on one side of a straight line 

4 X 

are represented by x+6°, ^x— 12°, and 78°— 5. Find x and 

Oie angles. 

x+6+|x-12+78-|=180°. Why? 

3x+18+4x-36+234-x=540. Why? 

6x+216 = 540. Why? 
6x = 324. Why? 
x = 54. Why? 

x+6=64+6=60° 1st angle. 

|x-12 = 72-12 = 60° 2nd angle. 

78-^ = 78-18 = 60° 3rd angle. 

NOTE: The fact that the sum of the angles found is 180** checks the 
problem. 



32 THE EQUATION- 

If toe angles about a point on one side of a line are repre- 
sented by the following, find x and the angles: 

1. f X, x+4, l|x+2. 

2. fx-2, iVx+7, 3(x+7), |x+19. 
3.. 4(x+l), 7(2x-ll), 127-6X. 

4. 3x- J, 2x, 2f (2x+l), |(x+6). 
6. ^x+40, 2x-9, 129.18-2X. 

6. Find the angles about a point on one side of a straight 
line if the first is 25^ more than the second, and the third is 
three times the first. 

7. Find the angles about a point on one side of a straight 
line if the first is 6 times the second, plus 16°, and the third 
is ^ of the first, minus 4°. 

8. Find the five angles about a point on one side of a 
straight line if the second is ^ of the first, the third is 5° more 
than f of the first, the fourth is 10° less than twice the first, 
and the fifth is 22|°. 




Fig. 40 
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39 Zl+Z2+Z6 = 180^Why? 

Z7+Z4+Z5 = 180°Why? 

Therefore, Z1+ Z2+ Z3+ Z4+ Z5=360°. 

40 The sum of all the angles about a point is 360°. 

Exercise 25 

If all the angles about a point are represented by the fol- 
lowing, find X and the angles: » 

1. |x, 88- Jx, lix-13, 4(^+li). 
5 3 3 

2. 23+-, 136- -, -+93, -+17. 

4 5' 3 2 

3. 4(x-5), ?+5li 3x+47f . 

4. ^(3x-36), i(2x+15), - +30, 82-|x, x+48i 

6 

6. -|x+3.15, 3(x+1.75), ^(x+94.05). 

6.. The sum of four angles is a perigon. One is 18° more 
than three times the smallest, another is 59° more than, the 
smallest, and the last is 18° less than twice the smallest. Find 
the four angles. 

Supplementary Angles 

41 Supplementary Angles: If the simi of two angles is a 
straight angle or 180°, they are called supplementary angles. 
Each is the supplement of the other. 

Exercise 26 

1. What is the supplement of 16°; 92°; 24°; 13^°; 15l|°? 

2. X is the supplement of 80°. Find x. 
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3. X 18 the supplement of x+32°. Find x and its supple- 
ment. 

4. 2x-2(r and 7x+4r are supplementary angles. Find 
X and the ang^. 

5. One of two supplementary an^es is 24^ larger than the 
other. Find th«n. 

6. The difference between two supplementary angles is 
98°. Find ih&a. 

7. One of tw# supplementary angles is 4 times the other. 
Find the angles. 

8. How many d^rees in an angle which is the supplement 
of 3| times itself? 

9. One of two supplementary an^es is 27° less than 3 
times the other. Find the an^es. 

10. One of two supplementary angles is ^ of the sum of the 
other and 63°. Find the angles. 

4£ The supplement of an unknown angle may be indicated 
by 180° -X. 

Indicate the supplement of y°; d°; f x°; |^y°. 

When a problem involves two supplementary angles, but is 
such that one is not readily expressed in terms of the other, let 
X equal one angle, and 180— x the other. 

Exercise 27 

1. 1^ of an angle, plus 55° is equal to |^ of its supplement, 
plus 4°. Find the supplementary angles. 

Let x=one angle 
180— x = other angle 
then fx+55 = f(180-x)+4. 

2. The sum of double an angle and 12^° is equal to ^ the 
supplement of the angle. Find the supplementary angles. 
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8. If an angle is trebled, it is 30^ more than its supplement. 
Find the supplementary angles. 

4. If an angle is added to ^ its supplement, the result is' 
128°. Find the supplementary angles. 

6. If I" of an angle, minus 16°, is added to |- of its supple- 
ment, plus 72°, the result is 190°. Find the supplementary 
angles. 

Complementary Angles 

43 Complementary Angles: If the sum of two angles is a right 
angle or 90°, they are called complementary angles. Each is 
the complement of the other. 

Exercise 28 

1. What is the complement of 82°; 9°; 71°; 10^°; 43f°? 

2. X is the complement of 32°. Find x. 

3. X is the complement of x+76°. Find x and its com- 
plement. 

4. f x+12°, and f x+10° are complementary angles. Find 
X and the angles. 

5. One of two complementary angles is 25° larger than 
the other. Find them. 

6. The difference between two complementary angles is 
37|°. Find them. 

7. One of two complementary angles is three times the 
other. Find the angles. 

8. How many degrees in an angle that is the complement 
of 2§ times itself? 

9. One of two complementary angles is 7° more than twice 
the other. Find the angles. 

10. One of two complementary angles is f of the sum of 
the other and 23°. Find the angles. 
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44 The complement of an miknown angle may b>e indicated by 
90— X. Indicate the complement of y°; m°; fx*'; ^y^ 

* When a problem involves two complementary angles, but 
is such that one is not readily expressed in terms of the other, 
let X equal one angle, and 90— x the other. 

Exercise 29 

1. The sum of an angle and ^ of its complement is 46*^. 
Find the angle. 

2. The complement of an angle is equal to twice the angle 
minus 15°. Find the angle. 

3. If 20° is added to five times an angle, and 20° sub- 
tracted from ^ of the complement, the two angles obtained, 
when added, will equal 114°. Find the angle. 

4. ^ of an angle is equal to f of its complement, minus 
14°. Find the angle. 

6. % of the complement of an angle, plus 15° is equal to 
treble the angle. Find the angle. 

Exercise 30 

•4 

1. The sum of J, |^, and f of a certain angle is 126°. Find 
the number of degrees in the angle. 

2. The supplement of an angle is equal to four times its 
complement. Find the angle, its supplement and complement. 

3. The sum of the supplement and complement of an 
angle is 98° more than twice the angle. Find the angle. 

4. The complement of an angle is 20° more than ^ of its 
supplement. Find the angle. 

6. The sum of an angle, J of the angle, its supplement, 
and its complement is 243°. Find the angle. 
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6. The complement of an angle is equal to the sum of the 
angle and f of its supplement. Find the angle. 

7. An angle increased by ^ of its supplement is equal to 
twice its complement. Find the angle. 

8. ^ the. supplement of an angle is equal to 3 times its 
complement, plus 20*^. Find the angle. 

9. The smn of treble an angle, f of its complement, and 
f of its supplement is equal to 62° less than a perigon. Find 
the angle. 

10. j^ of the complement of an angle is equal to J the 
supplement, plus 3*^. Find the angle. 

11. The three angles about a point on one side of a straight 
Une are such that the second is 89*^ more than ^'of the sup- 
plement of the first, and the third is f of the complement of 
the first. Find the three angles. 

12. The sum of four angles is 223°. The second is twice 
the first, the third is ^ the supplement of the second, and the 
fourth is the complement of the first. Find the four angles. 

18. There are four angles about a point. The second is 
^ the first, the third is the supplement of the second, and the 
fourth is the complement of the second, plus 30°. Find the 
four angles. 

14. There are five angles about a point on one side of a 
straight Une. The second is ^ of the first, the third is ^ the 
supplement of the second, the fourth is ^ the complement of 
the second, the fifth is 10°. Find the five angles. 

16. Express by an equation that the supplement of an angle 
is equal to its complement, plus 90°. 

Does 41° for x check the equation? 

Does 25°? Does 153^? What values may x have? 



CHAPTER IV 

ALGEBRAIC ADDITION, SUBTRACTION, 
MULTIPLICATION AND DIVISION 

Positive and Negative Numbers 

45 1. The top of a mercury column of a thermometer stands 
at 0^. During the next hour it rises 4°, and the next 6°. 
What does the thermometer read at the end of the second hour? 

2. The top of a mercury colunm stands at 0°. During the 
next hour it falls 4°, and the next, it falls 6°. What does it read 
at the end of the second hour? 

3. If the mercury stands at 0*^, rises 4°, and then falls 6*^, 
what does the thermometer read? 

4. If the thermometer stands at 0°, falls 4*^, and then 
rises 5°, what does the thermometer read? 

6. If the mercury stands at 0°, rises 4*^, and then falls 4*^, 
what does the thermometer read? 

6. A traveler starts from a point and goes north 17 miles, 
and then north 15 miles. How far and in which direction is he 
from the starting point? 

7. A traveler starts from a point and goes south 17 miles, 
and then south 15 miles. How far and in which direction is he 
from the starting point? 

8. A traveler goes 17 miles south, and then 16 miles north. 
How far and in which direction is he from the starting point? 

38 
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9. A traveler goes 17 miles north, and then 16 miles south. 
How far and in which direction is he from the starting point? 

10. A traveler goes 17 miles south, and then 17 miles north. 
How far is he from the starting point? 

11. An automobile travels 35 miles east, and then 40 miles 
east. How far and in which direction is it from the starting 
point? 

12^ An automobile travels 35 miles west and then 40 miles 
west. How far and in which direction is it from the starting 
point? 

13. An automobile travels 35 miles west, and then 40 miles 
east. How far and in which direction is it from the starting 
point? 

14. An automobile travels 35 miles east, and then 40 miles 
west. How far and in which direction is it from the starting 
point? 

16. An automobile goes 35 miles east, and then 35 miles 
west. How far is it from the starting point? 

16. A boy starts to work with no money. The first day he 
earns $.75, and the second $.50. How much money has he at 
the end of the second day? 

17. A boy has to forfeit for damages $.76 more than his 
wages the first day, and $.50 more the second day. What is his 
financial condition at the end of the second day? 

18. A boy earns $.75 the first day, and forfeits $.50 the 
second day. How much money has he? 

19. A boy forfeits $.76 the first day, and earns $.50 the 
Second. How much money has he? 

20. A boy earns $.76 the first day, and forfeits $.75 the 
second. How much money has he? 



40 ADDITION 

Ifi Such problems as these show the. necessity of making a 
distinction between nimibers of opposite nature. This can be 
done conveniently by plus (+) and minus (— ). If a number 
representing a certain thing is considered positive (plus), then 
a thing of the opposite nature miist be negative (minus). Thus, 
if north 10 miles is written +10, south 10 miles must be written 
— 10. If east 25 feet is written +26, west 25 feet mu^t be 
written —25. 

47 If such nimibers as these are to be combined, their signs 
must be considered. Thus a rise of 19° in temperature fol- 
lowed by a rise of 9° may be expressed as follows: (+19°) + 
(+9°) = +28°, A trip 16 miles south followed by one 25 
miles SQinth may be expressed: (—15) + (—25) = —40. A 
trip 42 miles east followed by one 26 miles west is expressed: 
(+42) +(-26) = +16. A saving of $1.75 followed by an 
expenditure of $2.00 is expressed: (+1.75) +(-2.00) = -.25. 

These four problems may also be written: 

1. 19+9 = 28 1. +19 

+ 9 



2. -15-25= -40 

or 

3. 42-26 = 16 



4. 1.75-2.00= -.25 





+28 


2. 


-15 




-25 




-40 


3. 


+42 




-26 




+ 16 


4. 


+ 1.75 


• 


-2.00 



- .25 



This combination of positive and negative numbers is called 
Algebraic Addition. 
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ADDITION 

j^ RULE: To add two ntunbers with like signs, add the ntunbers 
. as in arithmetic, and give to the result the common sign. 

To add two numbers with unlike signs, subtract the smaller number 
from the larger, and give to the result the sign of the larger. 

NOTE: If no Bign is expressed with a term, 4- is always understood. 
Care should be taken not to confuse this with the absence of the sign of 
multiplication. (See Art. 19.) 



Add: 

1. +19, +10 

2. -19,-10 

3. -19, +10 

4. +19, -10 



6. 


-10, +19 


6. 


+ 10, -19 


7. 


-75, +26 


8. 


+38, +19 


9. 


+ 11, -26 


10. 


+10, -10 


11. 


-40, +39 


12. 


-4, +26 


13. 


3 5 

4) --g- 


14. 


3 7 

4:) 8 


16. 


11 _ 5 
16> ^ 



Exercise 31 




16. 


-hi 


17. 


-hi 


18. 


—^h> 2i 


19. 


6|, -8| 


20. 


-7h +H 


21. 


13i -23| 


22. 


— llf) 83 


23. 


-2.32, -1.68 


24. 


3.47, 5.43 


26. 


8.44, -7.25 


26. 


8.76, -11.25 


27. 


5.732, -4.876 


28. 


-18.777, -3.333 



29. -173.29,239.4 

30. -208.21, 171.589 



42 ADDITION 

49 1. Add -19, -10 
2. Add +11, +26. 

8. Add the results of problems 1 and 2. 

How does the result of problem 3 compare with the result if 
— 19, -^10, +11, +26, were to be added in one problem as 
follows? 

-19 -10+11 +26 =? 

-19+11 -10+26 =? 

-19+26+11 -10 =? 

+26 -10 -19 +11 =? (See Art. 10.) 

50 RXTLB: To add several numbers, add all the positive numbers and 

all the negative numbers separately, and combine the two results. 



Exercise 32 

Add: 

1. +50, +41, -23, -7. 

2. +47, -49, +2, -35. 
8. +3, -40, -17, 4. 

4. 82, 18, -100. 

6. -79, -21, -100. 

6. -119, +1, -21, -14, +101. 

7. -2.36, +4.24, 5.73, -8.66. 

8. -3f,5f, -4^. 

9. 82, 7-g-, — 4j, —03. 

19. 23|, -19|, 17f, -llf,5i 
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61 Term: A term is an expression whose parts are not sepa- 
rated by plus (+) or minus (— ). llx*, — 14abxy, +23f are 
terms. 

NOTE: Such expressions as 8(x+y)i 3(a— b), etc., are terms because 
the parts enclosed in the parenthesis are to be treated as a single quantity. 
(See Art. 24.) 

52 Similar Terms: Similar or like terms are those which differ 
in their numerical coefficients only; as 2x^z*, — ^xVz*. 

63 Only similar terms can he combined. 

Exercise 33 

Add: 

1. -16r, 18r, 8r. 

2. 4.2s, —5.7s, 2s. 

3. 7fx, -4fx, -2|x, X. 

4. 2^ab, 4^ab, — 3§ab, ab. 

6. 24abc, — 36abc, lOabc, +4abc, — abc. ' 

6. -32a%, 40a2b, -Qa^b, 2a2b. 

7. 3vV*, vV*, — OvV*, — 4v^. 

8. -3|xVz, 5f xVz, -4t%xVz. 

9. 3.16xy2z^ -4.08xy2z5, 6.69xy2z^ 

10. 8(x-y), -6(x-y), +4(x-y). 

11. -12(x+y), -7(x+y), -(x+y). 

12. -6j(c-d),3f(c-d),4|(c-d). 

18. -8(x2+y*), 24(x2+y»), 17(x2+y2), +(x«+y«). 
14. 8(x+y+z), 14(x+y+z), -2(x+y+z). 
16. ll(x2+y)S -5(x2+y)S 24(x2+y)*. 



44 ADDITION 

54 Monomial: An expression containing one term only is 
called a monomial, 

65 Polynomial: An expression containing more than one term 
is called a polynomial. A polynomial of two terms is called a 
binomial, and one of three terms a trinomial. 



Addition of Polynomials 

56 Example : Add 2a« - 2a2b - b^ - Tab^ - 1 la', 

and b3+7a3+3ab2+2a%. 

Since only similar terms can be combined, it is convenient 
to arrange the polynomials, one underneath the other with 
similar terms in the sam>e vertical column, and add each column 
separately as follows: 

2a*-2a2b-b3 
-11a' -7ab2 

+7a'+2a%+b'+3ab^ 
-2a' -4ab2 



Exercise 34 

# 

Add: 

1. 4a+3b-5c, -2a-m+3c, 2m-9c+2b, 5a+3m-4b. 

2. pq+3qr+4rs, — pq+4rs— 3qr, st— 4rs. 

8. 2ax''+3ay«-4z2, ax«+7ay*-4z*, 2z«+ay«-a«x. 

4. |a*-iab-ib«, 2b2-a«-fab, -ab-Sb'+fa^. 

6. 3§m-4^x+2ff, 2iVx-f+2iro. 

6. 8.75d-3.125r, 2.873r+7.625f-10d, 4.29f-r+1.25d. 
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7; 3(x+y)-7(x-y)/5(x+y)+5(x-y), -2(x+y)- 
3(x-y). 

8. |(a«-b«)-f(b*-c*)+|(c'-a«), f (a»-b«)-f(c«-a?), 

4(b2_c2)_2l(a2-b«). 

9. 5(x+y) -7(x«+y») +8(x»+y»), -4(x»+y») +5(x»+y«) - 

4(x+y), 2(x»+y«) -4(x»+y') - (x+y). 

10. 6(ab+c)+7(a-m)+a''bc»m, 5a«bc»in-8(ab+c)- 
5(a— m), 3(ab+c) — (a— m)— 4a*bc'm. 



i i 

i. 4 



SUBTRACTION 

57 1. If a man is five miles north (+5) of a certain point, 
and another is 12 miles north (+12) of the same point, what 
is the difference between their positions (distance between 
them), and in what direction is the second from the first? 

2. If the first man is 5 miles south ( — 5) of a point, and 
the second 12 miles south ( — 12), what is the difference between 
their positions, and in what direction is the second from the 
first? 

3. The first man is at ( — 5), and the second is at (+12). 
What is the difference between their positions, and in what 
direction is the second from the first? 

4. The first is at (+5), and the second-at ( — 12). What 
is the difference between their positions, and in what direction 
is the second from the first? 

55 To find the difference between the positions of the men in 
the above problem, the signs of their positions must be con- 
sidered. Finding the difference between such numbers is 
called ilZgf66razcSw6<racfo*on. 
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SUBTRACTION 



Find the difference between the positions and the direction 
of the second man from the first in each of the following: 



Second man 
First man 


+12 
+ 5 


-12 
- 5 


+12 
- 5 


-12 

+ 5 


+ 6 
+12 


- 6 
-12 


+ 5 
-12 


- 6 
+12 


Add the following: 




+12 
- 5 


-12 
+ 6 


+12 
+ 6 


-12 
- 5 


+ 6 
-12 


- 5 

+12 


+ 5 
+12 


- 6 
-12 



How do the results of the corresponding problems in the two 
groups compare? 

B9 RULE: To subtract one ntmiber from aaotiieri change tiie sign of 
the subtrahend mentnUy and add. 





Exercise 36 






Subtract: 










1. +27 

+12 


4. -32 

+21 


7. 


+16 
-42 


10. -11* 
+15i 


2. -13 

- 8 


6. +15 

+82 


8. 


- 39 
+100 


11. -|ax 
-fax 


8. +21 
- 6 


6. - 81 

-127 


9. 


12t 
-4i 


12. 7*b*y 

efbv 


IS. 


by* 
lfby» 


16. 


3a-b+c 
4a — c 


14. 


-5 (a+y) 
-li(a+y) 


17. 


3ix«+6fy»- z 
2jx*-2|y»-2z 


16. 


14.92 (m*-n*) • 
149.2 (m*-n») 


18. 


-a»- 


a«b+ab» 
a*b -y 
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1». .3(x+y) -4.8(x*+y«) 
-5.7(x+y)+4.8(x*+y«) 

20. -6 (ab+c)-10.7(x+y+z)+51a»bx»yz+19ab*xy»z. 
-3j(ab+c)+1.07(x+y+z)-17a«bx»yz+20ab«xy»z. 



60 A problem in subtraction is often written in the form 
(— 19) — (+7). In that case it is better to actually change the 
sign of the subtrahend and then the problem is one of addition 
instead of subtraction and is written: 

(-19)+(-7)or -19-7=-26. 



Exercise 36 

Subtract: 

1. (-28)-(-36) 6. (8.91abc)-(-3fabc) 

2. (+35)-(-2li) 6. (-2T!Vx*yz)-(3.1416x«yz) 
8. (-t)-(+f) 7. (3a+2b)-(2a+3b) 

4. (+2^mx)-(+6mx) 8. (5x*-7y*)-(-2x«+y«) 
9. (-9fm«n+3|mn»)-(4^m»n-3|mn*) 

10. (3|a+2b)-(3§a+7c) 

11. (-1.7an}*-2.9b«)-(-3.3ab»-4.16b«) 

12. (4x-5§y+3fz»)-(2§x+6.26y-5|z*) 

18. (-11.23a«b*+4ib«c«-l|c*a«)-(-11.22a«b*+ 
4^bV-1.875c*a«) 

14. (6x* - 9mx - 15m*) - (9x* - 16m*) 

16. (-aH)*+a*b»+ab«) - (a«b-a*b»+b«) 



48 ADDITION AND SUBTRACTION 

Exercise 37. (Review) 

1. From the sum of x^— 2hx+h* and x*— 6hx+9h^ sub- 
tract 3x2+2hx-4y. 

2. Simplify (x«-2xy+y«)+(2x»-3xy+y«)-(3x2-5xy+ 

2y^). 

8. From 6x'— 7x— 4, subtract the sum of 9x*— 8x+x* 

and 5— x^+x. 

'■ 4. Simplify (im-in+fp)-(fm-fn+|p) + (-3^m- 
fn-fp). 

6. Subtract the sum of 6— 4x*— x and 5x— 1— 2x^ from 
the sum of 2x'+7-4x-5x« and 3x2-6x»-2+8x. 

6. Find the difference between (12x^+6x« - 2) + (6x* - 
8x+14-8x'), and (0)-(- 10x3+2- 15x«+llx'^-4x). 

7. Subtract: 3x2-5xy+2y2-2x+ 7y 

2x2- xy+8y2-9x-14y 

8. Simplify: (5a3-2a2b+4ab2) + (-9a2b+7ab2+8b3) + 
(-8a3-ab2+2b3). 

9. Add: fgt^ +v- |t 

gt^ -|v+ 6t 
-1.3gt2 + llt+.02 

-10v+1.2t+l| 
6gt2+lL625v -2.25 

Solve and check: 

10. 12a+l-(3a-4) = 2a+8+(4a+4). 

11. (3x-4)-6=(x-l)-(2x-3). 

12. -26-(-5+2p) = (13p-50). 
18. (3x-15)-(2x-8)=0 



ADDITION AND SUBTRACTION 49 

14. 2k-(— -'') = --(?^-4|) 
3 6 2 ^2 ^ 

16. --x+(-x — ) — (-xH — ) = lf. 
3 5 5 6 3 ^ 



Signs of Grouping 

61 Removal of Parentheses: By Art. 47, parentheses connected 
by plus signs may be used to express a problem in addition, 
and the parentheses can be removed without affecting the. 
signs. For example: 

(3a - 2b) + (2a - 3b) = 3a - 2b + 2a - 3b == 5a - 5b, 

By Art. 62, two parentheses connected by a minus sign^may 
be used to express a problem in subtraction, and the paren- 
theses can be removed by actually changing the sign of each 
term enclosed in the parenthesis preceded by the minuS' sign 
(the subtrahend). For example: 

(3a-2b)-(2a+3b) = 3a-2b-2a-3b = a-5b. 

62 RULE: Parentheses preceded by minus signs may be removed if 

the sign of each term enclosed is changed. 

Parentheses preceded by plus signs may be removed without any 
change of sign. 

NOTii: The sign preceding a parenthesis disappears when the paren- 
thesis is renaoved. 

63 Other signs of grouping often used, are the brace { } the 
bracket [ ] and the vinculum . These have the same 
meaning as parentheses and are used to avoid confusion when 
several groups are needed in the same problem. 

64 When several signs of grouping occur, one within the other, 
they are removed one at a time^ the innermost one first .each 
time. 



50 REMOVAL OF PARENTHESIS 

Example: Simplify 4x—{3x+(—2x—x-a) } 

4x- J3x+(-2x-i^ j 

=4x— |3x+( — 2x— x+a) } (removing the vinculum) 

= 4x — {3x — 2x — X + a } (removing the parentheeifl) 

= 4x — 3x+2x+X — a (removing the brace) 

== 4x — a (combining like terms) 

NOT E: In the case of the vinculum, special care must be taken. 
— X — ^a is the same as ~(x~a). The minus sign preceding the vinculum 
is not the sign of x. 

Exercise 38 

Simplify: 

1. -6+{5-(7+3)+12} 

2. 10 -[(7 -4) -(9 -7)] 
8. 4x-[2x-(x+y)+y] 

4. -llb+[8b-(2b+b)-3b] 



5. 8kz - [7kz - 3kz -5kz] 

6. ^ x2-{3x2-2xHhl} 

7. a« - ( - 6a2 - 12a + 8) - (a»+ 12a) 



8. [6mnV (8P-mn2+3n^ - mn^) - (22mn2-81«)] 

9. 3a-(5a-{-7a+[9a-4]}) 

10. c-[2c-(6a-b)-{c-5a+2b-(-6a+6a-3b))] 
Solve and check: 

11. 4x-(5x-[3x-l]) = 5x-10 

12. 12x-{8-(8x-6)-(12-3x)}=0 

18. -(12-20x)-{l92-(64x-36x)-12}=96 

14. 5x-[8x-{48-18x-(12-15x)}] = 6 

16. 12x-[-81-(-27x-4-f 10x)] = 61- 
{8x-(-20-29-4x)} 



MULTIPLICATION 
Multiplication of Monomials 



B 



Fig. 41 

65 Two boys of equal weight are on a teeter-board at equal 
distances from the turning point (as at A and B, Fig. 41). 
The board balances. If one boy weighed one-half as much as 
the other, he would have to be twice as far from the turning 
point in order to balance the other. Similarly, if one weighed 
one-third as much as the other, he would have to be three 
times as far from the turning point in order to balance the other. 

From these illustrations, it is readUy seen that a weight of 
one pound, four feet from the turning point, will turn the 
board with /owr times as much power as a weight of one pound, 
orie foot from the turning point. A weight of tkree pounds, 
jour feet from the turning point, will turn the board with <Aree 
times as much power as a weight of (me pound, jour feet from 
the turning point, and therefore with twelve times as much 
power as a weight of ofrue pound, ofrue foot from the turning 
point. The tendency of the board (fever) to turn under such 
conditions is called the leveragey the weights acting upon it are 
called forces, and the distance of the forces from the turning 
point (fvlcrum) are called arms. From this explanation it is 
evident that: 

66 The leverage cavsed by a force is equal to the force times the arm. 

This law affords a very convenient means of working out. 
the law of signs for multiplication of positive and negative 
numbers. 

51 



52 MULTIPLICATION 

67 Let it be required to represent the product of (+5)(+4). 
If the result is to be thought of as a leverage, the (+6) will be 
the force, and the (+4) the arm. In discussing positive and 
negative numbers in Arts. 45, 46, and 47, measurements up- 
ward and to the right were represented by (+), and measure- 
ments downward and to the left by (— ). Then the (+6) will 
be considered an upward pulling force, and the (+4) an arm 
measured to the right of the fulcrum (Fig. 42). An upward 




Fig. 42 



force on a right arm causes the lever to turn in a counter- 
clockwise (opposite the hands of a clock) direction. To be 
consistent with arithmetic, ( + 5) ( +4) must be ( + 20) . There- 
fore, in determining the sign of the result of multiplication, a 
counter-clockwise motion of the lever must be positive, and a 
clockwise motion, negative. 

68 Let it be required to represent the product of (—6) (—4). 
if the result is to be thought of as a leverage, the (—5) will be 
a downward pulling force, and the (—4), a left arm (Fig. 43). 



=k 



Fig. 43 



It is seen that the lever turns in a counter-clockwise direction 
which is positive. Therefore ( — 5)(— 4) = +20. 
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69 Let it be required to represent the product of (+5) (—4). 
In this case there is an wpt(;ard-pulling force (+5), on a left 



t=^ 



Fi8^44 



arm (—4) (Fig. 44). The lever turns in a clockwise direction 
which is negative. Therefore (+6)(— 4) = — 20. 

70 Let it be required to represent the product of ( — 5) (+4). 
In this case there is a dovmward-pvi!\mg force (—5), on a right 



i^=^ 



Fig. 45 



arm (+4) (Fig. 45). The lever turns in a clockwise direction 
which is negative. Therefore ( — 5) (+4)= —20. 

From the four preceding articles: 

1. (+6)(+4) = +20 

2. (-5)(-4) = +20 

3. (+5)(-4)=-20 

4. (-5)(+4)=-20 

From these the law of signs for multiplication can be derived. 

71 Law of Signs for Multiplication: If two factors have like 
signs, their product is plu^. 

If two factors have unlike signs, their product is minus. 
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MULTIPLICATION 








Exercise 39 




iulti 


iply: 






1. 


(+|)(+i) 


8. 


(+3f)(+li) 


a. 


(-f)(-i) 


9. 


(-6f)(-6i) 


s. 


(+|)(-J) 


10. 


(7J)(-A) 


4. 


(-f)(+i) 


11. 


(-1.1)(+1.1) 


5. 


(-i)(+fy 


12. 


(-2.03)(-4.2) 


6. 


i+m-h 


18. 


(+.3)(-.03) 


7. 


(-h(-h) 


14. 


(+8.75) (+3i) 



16. (-8.66)(-2j) 

72 By Art. 21, x^ means x-x-x-x-x and x' means x-x-x. 

Therefore (x^)(x') = (x-x-x-x-x)(x«x«x)=x*. 

From this the law of eocponerUs for multiplication can be 
derived. 

73 Law of Exponents for Multiplication: To multiply powers 
of the same ba^e, add their exponents. 

NOTE: The product of powers of different bases can be indicated 
only. (x*)(y*)=x*y*' 

Example: Multiply (Ta^bx') by (-3abV) 
7a2bx8=7-a2.b.x» 
-3abV=-3-a.b».y2 
(7a2bx«)(-3aby) = 7.a2.b.x».(-3).a-b8.y« 

which may be arranged 7-(— 3)-a2a-b-b'-x'-y2= — 21a'bVy^ 

7^ RULE : To multiply monomials, multiply the numerical coefficients, 
and annex all the different bases, giving to each an exponent 
equal to the sum of the exponents of that base in the two factors. 



MULTIPLICATION OF MONOMIALS 
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Exercise 40 



Multiply: 



1. 

2. 

« 

8. 
4. 
5. 
6. 
7. 
8. 

9. 

10. 



21. 
22. 
28. 
24. 
25. 
26. 
27. 
28. 
29. 
80. 



3a»)(7a*) 

4x*)(-6x») 

-5§mio)(-2m) 

-13a«b)(-2ab») 

+6a*bc*)(-4ab*c») 

-6an))(+3b«c) 

+2ab)(-3cd) 

+3)(-x) 

+5)(+|) 

-l)(-pq) 



11. 

la. 

18. 
14. 
16. 
16. 
17. 
18. 

19. 

20. 



+2ic)(-2i<i) 

-9m«n»)(-7mV) 

-7)(+m«n*) 

+7i)(-gt') 

3xy)(xy) 

6r»)(-Jr») 

-x«)(-x«) 

-6.241)(+3.48m) 

x+y)»-(x+y)« 

m»-n*)».(m*-n«)« 



Solve and check: 



x)(3) = (-3)(-6) 
r)(-2)+(r)(+3) = (-4)(-9) 
-3)(-6) = (w)(+2)+(0)(-5) 
-2)(d)+(d)(+3)+(2)(-3)=0- 
+3)(-^8)+(3k)(4)+(-2)(4k) = (0)(4) 
3s)(-6)-(-90)(-2) = (68)(-6) 
3x) (+3) -(800) (+13) = (-6x)(19) 
5y)(-4)+(-56)(-l) = (-3y)(4) 
-9)(-2i)-(8x)(2) = (4§)(6)+(-7)(4x)+(6x)(0) 
-ll)(-3x)-(4i)(+6) = (20|)(-2)-(-3)(17x) 



56 MULTIPLICATION 

15 1. What is the leverage caused by a force +7 on an arm 
-3? 

2. What is the leverage caused by a force — 16 on an arm 

+4? 

8. What is the leverage caused by a force +3f on an 
arm +6? 

4. What is the leverage caused by .a force —27 on an 
arm -2\l • 

5. What is the leverage caused by a downward force of 
6, on a right arm of 3? 

6. What is the leverage caused by a downward force of 
12, on a left arm of 7? 

7. What is the leverage caused by an upward force of 
16, on a left arm of 3|? 

8. What is the leverage caused by an upward force of 
3^, on a right arm of 1^? 

76 Suppose two or more forces are acting on the lever at the 
same time as in Figs. 46, 47, 48. , 




Fig. ^6 



What is the leverage caused by the force (—6), Fig. 46? 

What is the leverage caused by the force (—4)7^ 

In which direction will the lever turn? '' 

This may bie expressed by (-6)(-2) + (-4)(+3) = 
( . , ' +12-12 = 
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• h-m 3 ^ 



Fig. 47 



What is tlie leverage caused by the force (—6), Fig. 47? 
What is the leverage caused by the force (+4)? 
In which direction will the lever turn? 

This may be expressed by (-6) (+2) + (+4) (+3) = 
-12+12 = Q. 




Fig. 48 



What is the leverage caused by (—2), Fig. 48? 
What is the leverage caused by (+3)? 
What is the leverage caused by (—3)? 
In which direction will the lever turn? 

This may be expressed by ( - 2) ( -- 6) + ( + 3) ( + 1) + ( - 3) ( +5) 
= 12+3-15 = 0. 

From these illustrations the law of leverages may be derived. 

77 Law of Levj^ages: ,Fpr balance y ihe sum of all the leverages 
must eqvxil zero. 
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Exercise 41 



1-10. Find the unknown force or arm required for balance 
in the levers shown in Figs. 49, 50, 51, 52, 53, 54, 55, 56, 57, 58. 

See Art. 16. 



Fig. 49 Fig. 54 



r^^-^ rrr^i i 



Fig.M 



Fig. M 
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Fig. 81 
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Fig. 56 
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Fig. 52 



Fig.5T 
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Fig. 55 



Fig. 55 



11. What weight 12^^ to the left of the fulcrum will balance 
a weight of 10 lbs., O'^ to the right of the fulcrum? (Draw a 
figure). 
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12. Two boys weighing 75 lbs. and 105 lbs. play at teeter. 
If the larger boy is 6' from the fulcrum, where would the 
smaller boy have to sit to balance the board? 

13. A crowbar is 6' long. What weight could be raised by 
a man weighing 165 lbs., if the fulcrum is placed S" from the 
other end of the bar? 

14. A lever 12' long has the fulcrum at one end. How 
many pounds 3' from the fulcrum can be lifted by a force of 
80 lbs. at the other end? 

15. A man uses an 8' crowbar to lift a stone weighing 
1600 lbs. If he thrusts the bar 1' under the stone, with what 
force must he lift to raise it? 



Multiplication of three or more Monomials 

78 Example : Multiply ( - 2a) ( - Sa^) ( +4a^) ( - Ta^) 
(-2a)(-3a2) = +6a3 
(+6a3)(+4a5) = +24a8 
(+24a8)(-7a«) = -168aii 
or (-2a)(-3a2)(+4a^)(-7a3)= -168a" 



Exercise 42 

Multiply: 

1. (-3)(-4)(+5) 

8. (+6)(-li)(-M)(-7) 

4. (11a) ( - Tab) (+4abc) ( - 9bV) 

5. (aV)(~4a2b)(-lla3bO 
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6. (-4jab)(«3fac)(-A*x^)(iabc) 

7. (l^mM(-2.4m»x*5r)(-4.63imqr*) 

8. (-3.57)(+aV)(-lfaV) 

9. 4(x-y)».(x-y)*.{-7(x-7)} 

10. 3 (m«-n») {-4(m«-n»V} • (m*-n»)« 

Multiplicatiofi of Polynomials by Monomials 




Fie. M 



79 The product of 2(a+b) may be represented by a rectangle 
(Fig. 59) having a+b for one dimension and 2 for the other. 
The area of the entire rectangle is equal to the sum of the two 
rectangles, 2a and 2b, or 2(a+b) = 2a+2b. 

80 RULE: To multiply a polynomial by a monomial, multiply each 

tenn of the polynomial by the monomial, and write the result as 
a polynomial. 

Example : Multiply 3m^ — 5m +7 by — 9m'. 
-9m»(3m2-5m+7)= -27m*+45m*-63m». 





Exercise 43 


1. 


a»-7a2b+9ab2 by 


3a2b' 


2. 


6x«-5x«-7x* by 


-7x» 


8. 


— 3m2— n2+5mn by 


4mV 


4. 


a«-2a2x+4ax2-8x« by 


-2ax 


5. 


ia^-^ab+ib^ by 


-^b 
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6. 3x«-15x«+24 by -^x« 

7. -+^-i by 12 
2^3 6 

8. — -1+- by -30 
10 6 6 

^ 2m , 3p 7 u iA 

9. — by 10 

5. 2 15 ^ 

Simplify: 

10. -2.4a3zH2|a2x--3|xz+.125z3) 

11. 6(3x+2y)+4(2x-3y) 

12. 3x(4a - 2y) - 5x(3y - 6a) 

13. -6(3a-2)-3(a-6)+9(2a-l) 

14. x(3x-l)-2x(7-x)-6(x2+2x-l) 

... 16(5+1,-24(5+5) 

Exercise 44 

Solve and check: 

1. 2(5m+l)=3(m+7)-5 

2. 3(5x+l)-4(2x+7) = 3 
8. 3-(x-3)=7-2x 

4. 10(m-6) = 3(m-2)-5 

6. 15y«+lly(2-5y)+4(10y2-9) = 19 

6. 5±5_5±1=3 



SUGGESTION: 2(x-|-6)-(x+l) = 12 (clearing of fractions). The 
line of the fraction has the same meaning as a parenthesis. See Art. 62. 
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MULTIPLICATION 



7. 



8. 



9. 



10. 



x+5 x-10 



3 
1 



=4 



x-1 



= 4 



6a-— -3(2a-l)=l 
a a 



5x^+2x+6 
5x 



x=l 



Multiplication of Polynomials by Polynomials 

a — H-* b ^1 



2a 



ac 



zb 



be 



c 
1 



Fig. eo 

81 The product of (a+b)(c+2) may be represented by a 
rectangle whose dimensions are a+b and c+2 (Fig. 60). The 
area of the entire rectangle is equal to the sum of the four 
rectangles, ac, be, 2a, and 2b, or (a+b)(c+2) = ac+bc+2a+2b. 
It will be seen that the first two terms are obtained by multi- 
plying a+b by c, and the last two terms by multiplying a+b 
by 2. It is convenient to arrange the work thus: 

a+b 
c+2 



ac+bc 



+2a+2b 



ac+bc+2a+2b 
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82 RULE: To multiply a polynomial by a polynomial, multiply one 
polynomial by each term of the other and combine like terms. 

Example : Multiply x^—x+lbyx— 3 



r2_ 



X +1 



x-3 



X3_ x2+ X 

-3x2+3x-3 



x» 


-4x2+4x- 


-3 






Exercise 46 


Multiply: 








1. x+2 




by 


x+7 


2. a-3 




by 


a— 5 


3. m+2 




by 


m— 4 


4. 3m— 5ii 




by 


4m+3n 


5. 2a2+3b'^ 




by 


5a«+4b» 


6. a+1 




by 


a''-! 


7. a-3 




by 


b+7 


8. 2x2-6x+7 




by. 


3x-l 


9. 4m2-3ms- 


s2 


by 


m«-3s« 


10. X*-X3+X2- 


x+1 


by 


x+1 






Exercise 46 


Simplify: 








1. (a— b+c)(a 


-b- 


-c) 




2. (2n2+m2+3mn)(2n2-3mn+m2) 


8. (ix-iy)(ix 


■+h) 


• 


4. (x+3)(x-4)(x+2) 




6. (x2+xy+y2)(xV 


xy+y*)(x«-y») 
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MTHjUPLICATION 



6. (2a+3b)(6a-5b)+(a-4b)(3a-b) 

7. 5(x-4)(x+l)-3(x-3)(x+2)+(x+l)(x-6) 

Solve and check: 

8- (y-5)(y+6)-(y+3)(y-4)=0 
». (m+3)(m+2) = (m+7)(m-5)+50 
10. 3 (2x-4)(x+7)-2 (3x-2)(x+6)=5-(3x-l) 
4(x*+3x+7) 



11. 



12. 



13. 



14. 



= 2x 



2x+7 

(3x+2)(2x+3) _ 
(2x-l)(x+4) 

(x-2)(x-3) _ (x+3)(x- 4) _ (x-4)(x-5) 
3 4 ~ 12 

1 x(2x+l) (2x-3)(3x+4) 2x+17 



15. 


4"^ 2 ~ 6 


~ 4 




Exercise 47 


Multiply: 




1. 


2m*— m— 1 by 


3m«+m-2 


2. 


2p3-3p2q+7pq2+4q3 by 


4p-3q 


3. 


a^+b^+ab^+a^b by 


a«b-ab« 


4. 


5-3a+7a2 by 


4+12a« 


6. 


-4mn+3Tn2-lln2 by 


2m«-5n«+7inr 


6. 


-5m2+9+2m3-4m by 


5m*-l+6m 


7. 


Sax^— 4ax^— 5ax^ by 


l-x+2x« 


8. 


p3_5p2+i2p-8 by 


p3+6p«+12p+8 


9. 


s'— 2s*— s— 1 by 


s«+2s«-s+l 


10. 


a— 1+a^— a* by 


1+a 
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11. 4x«-3x*+2x«-6 by x-x«+l 

12. 3b»-7b«c+8bc«-c» by 2b'+8b*c-7bc*+3c» 
18. a*+b*+c*+ab— bc+ac by a— b— c 

U. a«-3+2a«-a by 3-ra+a»-2a« 

16. ^a-|b+fc-|d by ia+ib-^c+ld 

16. |a«-|ab-fb» by l^a«-|b* 

17. 2|m*n«-4|n* by |m«-fn 

18. 1.25a+2.375b+3.6c by 8a-8b+8c 

19. .35a«+.25ab+3.75b* by 4.1a«-.02ab-.57b* 
80. 3.6x«-2.1xy-l,05y* by 4x-^ 

Exercise 48 
Simplify: 

1. (a-l)(a-2)(a-3)(a-4) 

2. (a-b)(a*+ab+b«)(a»+b'') 

8. (3x-4y)(2x+3y)(4x-5y)(x-7y) 

4. (m+n)(m-n)(5^+^) 

«. (x+y)(x»+y»){x«-y(x-y)} 

6. (x+y+z)(x-y+z)(x+y-z)(y+z-x) 

7. (2a+5b-c-4d)« 

8. (|a»-fb»)' 

9. (^-y-^)3 

2 3 4 

10. (x+y)(x«-y*)-(x-y)(x«+y«) 
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11. (3a-2b)(2a*-3ab+2b*)-3a(2a*-3ab) 

12. 6(m - n) (m+n) -4(in*+n*) 

18. 12(x.-y)-(x*+x-6)(x*+x+y) 

14. 15ab-3(2a*+4b*)+(3a-2b)(5a-3b) 

16. 6(a+2b-2c)*-(2a+2b-c)* 

16. (x*+l)(x-l)-(x-3)(2x-5)(x+7)-(x+2)» 

17. (a+b+c)»-3(a+b+c)(a*+b*+c*) 

18. (2to«-3mn+4n«)'(^-^)' 

«- a+b+c a— b+c a+b-c b+c-a 

"• -^ 2 2 2- 

,„ (x-2)(2x-3) (x+2)(2x+3) (x'+4)(4x«+9) 

»0. :: • — • = 



Exercise 49. (Review) 

Solve and check: 

1. (-16)(-x)+(-13)(+12)+(-2)(+2x)=0 

2. (+15)(-|)+(-14)(-|)+(-10f)(+^)=0 

8. (-4f)(5x)+(+7|)(7x)+(-8i)(0)+(7)(-12)=0 
4. 3x-3(fx-7)=35 

6. (2x-l)(3x+7)-3x«=(x-l)(3x-12)+20 

. 3x+5 , x-7 
6. — -. — = 1 =- 



X* 



7. (5X+3)(3X — 2)— g— 

3(3 -2x) 2(x-3) g_ 4(x+4) . 1 
*• ^ 5 +^^—5 +10 

9. ■|(x+5)-i(x+7) + V(x+l)-J(2x-5)=|(x+22) 
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(x-l)(x+2) _ (2x+l)(x+2) (2x+l)(x~l) 
2 12 " 6 

11. If 1^ the supplement of an angle is subtracted from the 
angle, the result is 27°. Find the angle. 

12. If f the complement of an angle is subtracted from 
three times the angle, the result is 39°. Find the angle. 

13. If f of the supplement of an angle is decreased by f 
of the complement, the result is 53°. Find the angle. 

14. ^ the supplement of an angle is equal to the angle 
diminished by f of its complement. Find the angle. 

16. Find three consecutive numbers such that the product 
of the second and third exceeds the product of the first and 
second by 40. 

16. The diflference of the squares of two consecutive num- 
bers is 43. Find the numbers. 

17. The length of a rectangle is three times its width. If 
its length is diminished by 6, and its width increased by 3, 
the area of the rectangle is unchanged. Find the dimensions. 

18. Two weights, 123 and 41 respectively, are placed at 
the ends of .a bar 24 ft. long. Where should the fulcrum be 
placed for balance? (Suggestion: Let x = one arm, 24— x = 
the other.) 

19. A man weighing 180 lbs. stands on one end of a steel 
rail 30 ft. long, and finds that it balances with a fulcrum placed 
2 ft. from the center. What is the weight of the rail? (Sug- 
gestion: The weight of the rail may be considered a down- 
ward force at the middle point of the rail.) 

20. An I-beam 32 ft. long weighing 60 lbs. per foot, is 
being moved by placing it upon an axle. How far from one 
end shall the axle be placed, if a force of 213 J lbs. at the other 
end 'will balance it? 



DIVISION 

Division of Monomials 

83 To divide positive and negative numbers, a law of signs and 
a law of exponents are necessary. These may be derived from 
the same laws for multiplication, from the fact that the product 
divided by one factor equals the other factor. 



By Art. 70: 



1. (+5)(+4) = +20 

2. (-5)(-4) = +20 

3. (+5)(-4) = -20 

4. (-5)(+4) = -20 



Therefore, from 1. 



from 2. 



from 3. 



from 4. 



(+20) H 
(+20)- 


i-(+5) = +4 
h(+4) = ? 


(+20) ^ 
(+20)- 


r(-5)=-4 
h(-4) = ? 


(-20) H 
(-20)^ 


-(+5) = -4 
-(-4) = ? 


(-20) H 
(-20) H 


r(-5) = +4 

-(+4) = ? 



84 Law of Signs for Division: If two numbers have like signSj 
their quotient is plus. 

If two numbers have unlike signs, their quotient is minu^. 



■i T rl 1 


nt^ • 


Exercise 50 


JYVK 
1. 


le. 

(+|)-(+i) 


6. (+2i)^(+3f) 


2. 


(-i)-(+i) 


1. (-M)-(-io) 


3. 


(+!)-(-!) 


8. (+7i)^(-9) 


4. 


(-l)-(-f) 


9; (-42) -5- (+^) 


6. 


(-H)-(+/f) 


10. (+72) ^(-4|) 
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11. (-8.5) -5- (-1.7) 16. (^-3.6)-^(-2J) 

12. (+3.2) + (-.8) 17. (-3t^)-i-(-6.25) 
18. (+2.65) -5- (+100) 18. (-34.56) -5- (-.288) 
14. (-.008) -5- (-.02) 19. (+26j)-5-(-llf) 
16. (-15)-^(+.003) 20. (-.0231)-*-(-6|) 

Exercise 61 

Solve and check: 

1. 3x+14-5x+16=4x+ll 

2. 20x+15+32x+193-12=36x+100-32x 

3. 8(28-3) -2b(s-7)+231=0 

4. (x-5)(x-6) = (x-2)(x-3) 
6. (3x-l)(4x-7) = 12(x-l)» 

ft 12 3x i9_4x 172 
6. l^__-l^T-3-+^ 

x+3 _ x-'2 3x-5 1 
2 3 ~ 12 +4 

2x+5 x-3 X 1 

9. f(x+2)-T^(x+5) + 10 = 2-i(x+l) 

s(s-2) _ s(8-9) -2s''-91 
6 3 ~ 15 



10. 



86 By Art. 72, (x'>)(x»)=,x« 

Therefore (x») -^ (x») = x» 

(x«) -h (x») = ? 

88 Law of Exponents for Division: To divide powers of the same 
base, subtract the exponent of the divisor from that of the dividend. 
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DIVISION 



NOTE: The quotient of powers of different bases can be indicated 
only. 

(x*)-(y»)=p- 

Example: Divide 48 a'b*c*x"jr^ by — 8a*b*c*x* 

48an)»c*x'V c 5 u 1 _i u 

= — 6a*bxy 
c* c* 

NOTE : — = 1 . Also—- = c« by the law of exponents. 

Therefore 0*^ = 1 and may be omitted as a factor in problems like the 
above estample. 

S7 RULE: To divide a monomial by a monomial, divide the numerical 
coefficients, and annex all the different bases, giving to each an 
exponent equal to the difference of the exponents of that base 
in the two monomials. 



Exercise 62 



Divide: 

1. -Ola 

2. -32x« 

3. +22aVc7 

4. +6^m3n3 

6. -SlpV'r"' 

6. -4.24xVz^ 

7. 1.75an)^5 

8. - .SSm^n* 

9. - .OOlxVm^ 
10. +3.1416a2b3mio 



by 
by 

by 
by 
by 
by 
by 
by 
by 
by 



+13 
-8x* 
-lla«b»c« 
-fmn^ 

— .4x^y^z* 
-.35x* 
17n* 
-lOOxym 

+4a2b3mi'» 
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Simplify: 

1155a^x7zs ^ 3 . 1416r« 

-231a2x«z .7854r2 

-1.732t^V +a^b«c^» 

+2u«s2 -2a'bc» 

3 . 1416x^ V^z^7 _a8(x+y)9 



— Ilv2 



l§x2«yz'' +2|a(x+y)* 

27mVx7 (a+b)^(a+b)Hx+y) ''^ 

1.125m2n»x^ .0625(a+b)8(x+y)^ 

32.16t' ' 18.75a(m^-n«)^Q 



Exercise 53 

Solve for x and check: 

1. -ax=-ab 6. 3a2b«x= -12a3b« 

2. +§bx=-8b 7. 7a-3ax=28a 

3. — .3inx=2.4m 8. 4mx— 7mx=12m— 18m 

4. -4x=-12(a+b) 9. 6a2b-7ax=-29a2b 

.. X 3 1 
6. -fx=2m 10. 3^-- = 6^ 

lOx . 5x 5m 

12. 5+2b_3(x^)=4b 
o o 

.13. (x-5y)(x+4y)=x2+y2 

14. (x+m)(x--2m)-x(x-7m)=m(3x — 5m) 

(x~3s) (x-2s) x(x-5s) _ x(x-3s) 
"• 2 3 ■" 6 
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Division of a Poljmomial by a Monomial 

88 By Art. 79, 2(a+b) = 2a+2b 

Therefore, — = a+b 

2 

89 RULE: To divide a polynomial by a monomial, divide each tenn of 

the polynomial by fhe monomial, and write the result as a poly- 
nomial. 

Example: Divide 21m*— 35m*+ 7m* by —7m* 
21m«-35m4+7m' 



— 7m2 



= — 3m*+5m*— m 



Exercise 54 

Divide: 

a^x'c* — ax*c^*+ a^c*z 



1. 



2. 



3. 



4. 



6. 



6. 



axe^ 

4xV V- 12xVz^-24xVV+ 16xyz 

— 4:xyz 

2.3 Im2n2+ 7.7m V - .33m*n* 



* l.lm^n* 

- l^t V - 9.81tV - . 378tv^ 
-9tv* 

1 . 125a Vz* - .375aVz^ - 4.2aVz^ 

.25a^x^z2 

-3|abcd+2jbcde+7facde 



— l|cd 

Solve for x and check: 

7. ax = 2ab — 3ac +4ae 

8. 3a2m'x = 1 . 1 la'm^ - 3.3a2m4 

9. 4mVx - 3.2m3s2 = ISam^s^ 
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10. 3^xyz-1.4y2z = .35yz2-7Qyz . 

11. 4m2x - 7m V - 3m^+8m2n*^ = 5m«n* - 2m2x+2itf n^ 

12. i!|5_Z5yH:^ = .l0lrn^ 

13. ?-5!b+^ = 3ab^ 
a ab 

^^ o nx , 3(n2x-m'n2) 4n, , 

14. 8mn \-— = f-m^n 

m mn m 

2mx+a*m^ 5(b3n*+nx) _ 2m2n-3mn2 

15. '. oX 

m n mn 



Division of Polynomials by Polynomials 

90 By Art. 81, (a+b)(c+2) = ac+bc+2a+2b 

Therefore, ^"+^"+^^+^^ =0+2 

. a+b 

In multiplying a+b by c+ 2, the first two terms were obtained 
by multiplying a+b by c, and the last two by multiplying 
a+b by 2. In dividing, the c may be obtained by dividing ac 
by a, and the 2 may be obtained by dividing 2a by a. It is 
convenient to arrange the work as follows: 

c+2 
a+b) ac+bc+ 2a+ 2b 

ac+bc 

+2a+2b 
+2a+2b 

9i RULE: 'To divide a polynomial by a polynomial, divide the first 
tenn in the dividend by the first term in the divisor to obtain the 
first term of the quotient. Multiply the divisor by the first term 
of the quotient, and subtract the result from the dividend. To 
obtain the other terms of the quotient, treat each remainder as 
a new dividend and proceed in the same way. 
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Example (1) : Divide a'-Ga^- 19a+84 by a-7. 

ag+a~12 
a-7)a'-6a2-19a+84 
ag-7a^ 

+a2-19a 

+a-— 7a 



-12a+84 
~12a+84 

Example (2) : Divide 24+26x3+120x4- 14x- lllx* 

by -x-6+12x2 

NOTE: Arrange the terms according to the* powers of x, in both 
dividend and divisor. 

10x^+3x-4 

12x^-x-6) 120x*+26x' - 1 llx^ - 14x-4-24 

120x4- lOx^-eOx^ 

+36x3- 51x2- 14x 

+36x3- 3x2 -l8x 

- 48x2+ 4x+24 

- 48x2+ 4x+24 

Example (3) : Divide x4+x2y2+y4 by x2+xy+y2. 



x2-xy +y2 




x2+xy+y2)x4 +x2y2 
x*+x3y+x2y2 


+y* 


-x3y 

— x^y- x2y2 


+y^ 

-xy3 


+x2y2. 
+x2y2. 


+xy3+y4 
+xy3+y4 



Exercise 55 

Divide the following: 

1. x2-7x+12 by x-3 

2. a2— 2a— 15 by a — 5 

3. a2-3ab-28b2 by a+4b 



DIVISION OF POLYNOMIALS BY POLYNOMIALS 
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4. 


6m*-29m2+35 


by 2m2-5 


6. 


12x2+31xy-15y2 


by x+3y 


6. 


m3+3m2-13m-15 


by m+1 


7. 


10x3- 19x2y+26xy2-8y« 


by 2x2--3xy+4y2 


8. 


3m* - 10m3 - 16m2 - 10m - 3 


by 3m2+2m + l 


9. 


2x*-x3y+4xV+xy'+12y* 


by x2-2xy+3y2 


10. 


4x*-24x3+51x2-46x+15 

• 


by 2x2-7x+5 


11. 


9xV-15xV+13xV-3xy* 


by 3x2y--xy2 


12. 


8m^n - 22m8n2 - 7m ^n' + 






53m%4-30m8n^ 

• 


by 4m*+3m3n-5m2n2 


13. 


10x3 _ 29.3x2y +37xy2 - 20y3 


by 2.5x2 -4.2xy+4y2 


14. 


14X3+ 17x2y + 39xy2-|- 17y3 


by 3.5x2+2.5xy+8.5y2 


16. 


18x3-53x2+27x4-14 


by 4x-8 


16. 


13.12m^n+1.36m4n2- 






7.15m3n3+2.35m2n*-.125mn' 


^ by 3.2m2n-2.4mn2+.5n3 


17. 


a2+ab+2ac+bc+c2 


by a+c 


18. 


a2bx+abcx+a2cx+ab2y+ 






b^cy+abcy 


by ax+by 


19. 


x2+8-10x+x3 


by 2+x2-3x 


20. 


m* + n* — 4m 3n — 4mn3 + Gm^n^ 


by m2+n2— 2mn 


21. 


a5_9a3+7a2-l9a+10 


by a2+3a-2 


22. 


16m4--72m2n2+81n* 


by 4m2-12mn+9n2 


23. 


m3-64n3 


by m— 4n 


24. 


32a5+243b5 


by 2a+3b 


26. 


a2+2ab+b2-c2 


by a+b— c 


26. 


a2-x2-2xy-y2 


by a-x-y 


27. 


a4+4+3a2 


by a2+2-a 
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28. 4a«-b*-6b-9 by 2a+b+3 

29. a*-b*+x2-y«+2ax+2by by a+x+b-y 

30. m^-2inn+n*+3m-3n+2 by m-n+1 

Solve and check: 

31. (a+3)x=ab+a+3b+3 

82. (a^ -4ab+3b*)x = a* - 8a2b+ 19ab« - 12b* 

33. (2m-3n)x = 8m*-22m^+iim2+21n* 

34. (a+b+2)x = a«+2ab+b2+4a+4b+4 
86. (y+2)x=y«~y2-34y-56 



Exercise 66 

1. One number is 6 more than another, and the difference 
of their squares is 144. Find the numbers. 

2. One number is 3 less than another, and the difference 
of their squares is 33. Find the numbers. 

8. Divide 42 into two parts such that j of one is equal to 
J of the other. 

4. Divide 57 into two. parts such that the sum of -J of 
the larger and J of the smaller is 12. 

6. The difference of two numbers is 11, and, if 18 is sub- 
tracted from f of the larger, the result is y of the smaller 
number. Find the numbers. 

6. Divide 24 into two parts such that if J of the smaller 
is subtracted from f of the larger, the result is 9. 

7. If the product of the first two of three consecutive 
numbers is subtracted from the product of the last two, the 
result is 18. Find the numbers. 



^ 



i 
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8. If the square of the first of three consecutive numbers 
is subtracted from the product of the last two, the result is 
41. Find the numbers. 

9. I paid a certain sum of money for a lot and built a 
house for 3 times that amount. If the lot had cost $240 less 
and the house $280 more, the lot would have cost ^ as much 
as the house. What was the cost of each? 

10. A boy has 2§ times as much money as his brother. 
After giving his brother $25.00, he has only 1^ times as much. 
How much had each at first? 

11. The sum of ^ a certain angle, ^ of its complement and 
Ylj^ of its supplement is 48°. Find the angle. 

12. Three times an angle, minus 4 times its complement, is 
equal to 3^ of its supplement + 131°. Find the angle. 

13. If 3 times an angle is subtracted from J its supplement, 
the result is yy of its complement. 

14. A certain rectangle contains 15 sq. in. more than a 
square. Its length is 7 in. more and its width 3 in. less than 
the side of the square. Find the dimensions of the rectangle. 

16. The altitude of a triangle is 4 in. more than the base, 
and its area exceeds one half the square of the base by 16. 
Find the base and altitude. (Suggestion: See Exercise 15, 
problem 5.) 

16. A wheelbarrow is loaded with a barrel of flour weighing 
196 lbs. The center of the load is 2' from the axle of the 
wheel. What force at the handles, 4^' from the axle of the 
wheel, will be required to raise the load? 

17. A wheelbarrow is loaded with 5 bars of pig iron weigh- 
ing 77 lbs. each. How far from the axle of the wheel should 
the center of the load be placed, if a force of 154 lbs. 4 ft. from 
the axle will raise it? 
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18. A timber 12*' X 18'' X 24' is balanced on wheels and an 
axle by a force of 120 lbs. at one end. How far from the center 
shall the axle be placed if the timber weighs 45 lbs. per cu. ft.? 

19. A lever 12' long weighs 24 lbs. If a weight of 30 lbs. 
is hung at one end and the fulcrum is placed 4' from this end, 
what force is needed at the other end for balance? 

20. A piece of steel 7' long, weighing 15 lbs. per foot, is 
resting upon one end. A weight of 1400 lbs. is placed 1§' 
from that end. What force at the other end is necessary to 
balance the load? 



CHAPTER V 
RATIO. PROPORTION, AND VARIATION 

Ratio 

92 Ratio: The relation of one quantity to another of the same 
kind is called a ratio. It is found by dividing the first by the 
second. For example: the ratio of $2 to $3 is f , written also 
2:3; the ratio of T to V is -J; the ratio of IS*' to 6' is ■f|=:|. 

93 Terms of Ratio: The numerator and denominator of a ratio 
are respectively the first and second terms of a ratio. The 
first term of a ratio is called its antecedent^, and the second, its 
consequent. 

Exercise 57 

1. Find the ratio of 85 to 51. 

2. Find the ratio of 27 to 243. 

3. Find the ratio of 2§ to 3f . 

4. Find the ratio of 6.25 to 87.5. 
6. Find the ratio of y^ to .3125. 

6. Find the ratio of 8" to 6'. 

7. Find the ratio of 12a to 16a. 

8. Find the ratio of bn to Sjt. 

9. Find the ratio of a right angle to a straight angle. 

10. Find the ratio of a right angle to a perigon. 

11. Find the ratio of a straight angle to a perigon. 

12. Find the ratio of f of a perigon to f of a right angle. 

79 
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13. Find the ratio of 55° to its complement. 

14. Find the ratio of 55° to its supplement. 
16k Find the ratio of 45° to ^ its supplement. 

16. Find the ratio of the supplement of 48° to its comple- 
ment. 

17. A door measures 4' X 8'. . What is the ratio of the 
length to the width? 

18. There were. 25 fair days in November, while the rest 
were stormy. What was the ratio of the fair to the stormy 
days? 

19. The dimensions of two rectangles are 5" X S*', and 6'' 
X 8*^. Find the ratio of their lengths, widths, perimeters, and 
areas. 

20. The bases of two triangles are 3.9 and 2.4, and their 
altitudes are respectively .8 and .7. Find the ratio of their 
areas. 

21. Find the ratio of the circumferences of two circles whose 
diameters are respectively 5^" and 2f ". (See Exercise 16, 
problem 2.) 

22. Find the ratio of the areas of two circles whose diame- 
ters are respectively 11" and 13". (See Exercise 16.) 

23. Find the ratio of the two values of P in the formula P = 
awh, when a =120, w = .32, h==9^, and when a = 48, w = .38, 
and h = 24. 

24. Find the ratio of the two values of F in F=l§d+^, 
when d= if , and when d = 2^. 

26. Find the ratio of the two values of S in S = ^gt^ when 
t = 3§, and when t = 10^. (See Exercise 17.) 



-1 
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94 To Express Ratios as Decimals: It is often convenient to 
have results in decimal rather than in fractional form. For 
example: the ratio i is often written .875. 



Exercise 68 

Find the decimal equivalents of the following ratios: 

i 5 o 9 ■^ 35 ^61 ^ .72 

■ I. — 3. — 0. — 7. — Vm — - 

8 25 32 64 1^ 

11 19 7i 2| 3.24 

2. — 4. — 6. -^ 8.-4 10. 

16 20 30 3l 129.6 



96 Sometimes it is suiSciently accurate to express the decimal 
to two places only. In this case it is necessary to determine the 
third place, and, if this is 5 or more, it is customary to increase 
the second place by 1. For example: the ratio -1-1=. 946 +, 
which would be written .95 if two places only are desired. 



Exercise 69 

Find the decimal equivalents of the foUowmg ratios, correct 
to .01 : . 

,25 ^ 37.5 
7i 5.15 



Percentage is found by reducing a ratio to a decimal correct to 
.01, and multiplying it by 100. 



For example: ^?^ = 6.688 = 669%. 

.0369 





9 




10 




19 


1. 




2. 




3. 






7 




11 




16 
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6. In a class of 27 students, 22 passed an examination. 
Find the percentage of successful students. 

7. A base ball player made 89 hits out of 321 times at bat. 
Find his batting average (percentage). 

8. The total cost of manufacturing an article is $5.36 of 
which $2.79 represents labor. What per cent of the total cost 
is the labor? 

9. If 62^ tons of iron are obtained from 835 tons of ore, 
what per cent of the ore is iron? 

10. In a class of students, 25 passed, 2 were conditioned, and 
6 failed. Find the percentage of failures. 

11. Babbitt metal is by weight 92 parts tin, 8 parts copper, 
and 4 parts antimony. Find the percentage of copper. 

12. Potassium nitrate is composed of 39 parts of potassium, 
14 parts of nitrogen, and 48 parts of oxygen. Find the per- 
centage of potassium. 

13. Potassium chloride is composed of 39 parts of potassium 
and 35.5 parts of chlorine. Find the percentage of chlorine. 

14. Baking powder is composed of 3 J parts of soda, if parts 
of cream of tartar, and 6.5 parts of starch. Find the percentage 
of cream of tartar. 

15. If 12 quarts of water are added to 25 gallons of alcohol, 
what per cent of the mixture is alcohol? 

16. If 5 lbs. of a substance loses 5 oz. in drying, what per 
cent of its original weight was water? 

17. If 5 lbs. of a dried substance has lost 5 oz. in drying, 
what per cent of its original weight was water? 

18. If a dried substance absorbs 5 oz. of water and then 
weighs 5 lbs., what per cent of its original weight is water? 
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19. The itemized cost of a house is as follows: 



Masonry 


$ 750 


Plumbing 


$odU 


Carpenter Work 


$ 900 


Furnace 


. . $150 


Lumber 


$1200 


Painting . 


. . $300 


Plastering . 


S 250 







What per cent of the total cost is represented by each 
item? 

Check by adding the per centsL 

20, The population of Detroit in 1900 was 285,704, and in 
1910, it was 465,776. Find the percentage of increase. 

96 Specific Gravity: The specific gravity of a substance is the 

ratio of the weight of a certain volume of the substance to the 

weight of the same volume of water. For example : if a cubic 

inch of copper weighs .321 lbs., and a cubic inch of watet weighs 

321 
.0361 lbs., the specific gravity of copper is = 8.88. 

.0361 

Example. The dimensions of a block of cast iron are SjX 
2f *'X1'', and its weight is 37.5 oz. Find its specific gravity. 

3jX2f X 1 =8.94 cu. in. (the volume of the block) 

.0361 lbs. = .5776 oz. (weight of 1 cu. in. of water) 
.5776 X 8 . 94 = 5 . 16 (weight of 8.94 cu. in. of water) 

= 7 . J7, (specific gravity of iron) 

5.16 

NOTE: Specific gravity is usually found correct to .01. 



Exercise 60 

1. A cubic inch of aluminum weighs .0924 lbs. Find its 
specific gravity. 
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2. A cubic inch of tungsten weighs .69 lbs. Find its specific 
gravity. 

3. A cubic inch of cast steel weighs .282 lbs. Find its 
specific gravity. 

4. A cubic inch of lead weighs 6.56 oz. Find its specific 
gravity. 

5. A cubic foot of bronze weighs 550 lbs. Find its specific 
gravity. 

6. A cubic foot of cork weighs 240 oz. Find its specific 
gravity. 

7. A brick 2*' X 4"^ X S'' weighs 4.64 lbs. Find its specific 
gravity. 

8. A cedar block S*" X S"" X 2"" weighs 10.5 oz. Find its 
specific gravity. 

9. Each edge of a cubical block is 2'. If it weighs 4450 
lbs., what is its specific gravity? 

10. A man weighing 185 lbs., displaces when swimming 
under water, 5760 cu. in. of water. Find the specific gravity of 
the human body. 

97 Separating in a given' ratio. 

Example: Divide 17 into two parts which shall be in the ratio f . 

Let 2x = one part. 

3x = other part. notf -=^ 

Then2x+3x = 17 3x 3 

5x = 17 

x = 3f 

2x = 6|^, one part. 

3x = 10^, other part. 

Check: 6i+10i = 17, ^=^=f 

^ 5 



J 



SEPARATING IN A GIVEN RATIO 85 

Exercise 61 

1. Divide 20 in the ratio §. 

2. Divide 18 in the ratio -f^. 

3. Divide 100 in the ratio ^. 

4. Divide 200 in the ratio ^. 

5. Two supplementary angles are in the ratio ^. Find 
them. 

6. Two complementary angles are in the ratio ^. Find 
them. 

7. A board 18^^ long is to be divided in the ratio ^. How 
far from each end is the point of division? 

8. If a line 4' 6^^ long is divided in the ratio |^, what is the 
length of each part? 

9. Divide a legacy of $25,000 between two persons so that 
their shares shall be in the ratio ^. 

10. The sides of a rectangle are in the ratio ^, and its 
perimeter is 100. Find the dimensions of the rectangle. 

11. Bronze is composed of 11 parts tin and 39 parts copper. 
Find the number of pounds of tin and copper in 625 lbs. of 
bronze. 

12. A gold medal is 18 carats fine (18 parts of pure gold in 24 
parts of the whole alloy). Find the amount of pure gold in the 
medal if it weighs 2.7 oz. 

13. Two men purchase some property together, one paying 
$750 and the other $450. If the property is sold for $2,000, 
what will be the share of each? 

14. Two paen agree to do a piece of work for $45. The work 
is completed in 10 days, but one of them was absent 2 days. 
How should the pay be divided? 
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15. How much copper would there be in 208 lbs. of Babbitt 
metal? (See Exercise 59, problem 11.) 

16. Divide a perigon into three angles in the ratio 7:8:9. 

17. Divide a line 5' 3*^ long into four parts in the ratio 
5:6:7:3. 

18. The sides of a triangle are in the ratio 5:8:9, and its 
perimeter is 6' 5". Find the sides. 

19. Divide the circumference of a circle whose diameter is 
16*' into three parts in the ratio 3:5:7. 

20. Five angles about a point on one side of a straight line 
are in the ratio 1:2:3:4:5. Find them. 



Proportion 

98 Proportion, A proportion is an equation in which the two 
members are ratios. For example : ^ = ^^ is a proportion, and 
may be read 8 is to 12 as 16 is to 24. The first and fourth terms 
of a proportion are called the extremes^ and the second and third 
are called the means. In the proportion i^ = ^, 8 and 24 are 
the extremes, and 12 and 16, the means. 



Example: Solve 



5 .? 

TT-g 

1 5 = 4x (clearing of fractions . ) 

x=3f 



Check: A=^ 
^^ 9 



5 _ 4 



■^=t\ 



J 
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Exercise 62 



Solve and check: 



1. 


X 16 
25 14 




X 12 


2. 


7 17 


3. 


8 5 
X 11 


4. 


7 X 
9 14 



. 11 18 
^- I2=^T 

125^206 
X 305 

144^3x 
195 25 

24 4f 

9. The ratio of x+1 to 9 is equal to the ratio of x+5 to 15. 
Findx. 

10. The ratio of the complement of an angle to the angle is 
equal to the ratio ^. Find the angle. 

• 11, The ratio of the supplement of an angle to the angle is 
equal to the ratio \f. Find the angle. 

12. The ratio of an angle to 84° is equal to the ratio of its 
complement to 96°. Find the angle. 

13. One number is 5 larger thap another, and the ratio of the 
larger to the smaller is equal tof^ . Find the two numbers. 

14. The length of a rectangle is 6 more than its width, and 
the ratio of the length to the width is ^. Find the dimensions 
of the rectangle. 

15. Two nunj^ers are in the ratio f . If 2 is added to the 
smaller, the ratio of that number to the larger is f . Find the 
numbers. (See Example, Art. 97.) 

16. If the scale of a drawing is J"' to 1', how long should a 
line be made in the drawing to represent 32'? 
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17. If the scale of a drawing is f '^ to 1', how long should a 
line be made to represent 10"? 

18. If the scale of a drawing is l|" to 1', what line would be 
represented by a line 3^" on the drawing? 

19. If a drawing is to be reduced to f its size, what would be 
the length on the new drawing, of a dimension 3f " on the 
original drawing? 

20. If a dimension line f " on a drawing represents a line 4^*' 
long, what is the scale of the drawing? 

99 It is often necessary in shop practice to express a fraction or 
decimal in halves, fourths, eighths, sixteenths, etc. A proportion 
is a convenient means of changing to these denominators. 

Example : How many ^'s in ^z- 

Let X = number of -^'s in -^3-. 

■ 

32 15 
15x = 352 
x = 233^, approximately 23 J. 



Exercise 63 

1. How many ^'s in 3%? 

2. How many -j^'s in |-? 

3. How many ^'s in .3? 

4. Reduce 1.312 to eighths. 

5. Reduce 1-^ to sixty-fourths. 
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X 4 

100 Example: 1. Solve ^IIT" T 



5x=4x+4 <L. C. D. is 6 (x+l)| 
x = 4 Why? 



Check: 



4 4 
4+1 6 

-£^£ 
5 6 



Example: 2. Solve 



3(x-l) 6 

2x=x-l |l. C. D. is6(x-l)| 
x=— 1 Why? 



Check: 



-1 



3(-l~l) 6 
-6 6 

6 6 

Example: 3. Solve ^=5^ 

x+2 X— 4 



C 



heck: 



x2-3x-4 = x2-x-6 I L. C. D. is (x+2) (x-4) 
-2x=-2 Why? 
x= 1 Why? 

1 + 1 _ 1-3 
1+2 1-4 

3 -3 
3 3 



90 
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Exercise 64 



Solve and check: 



1. 



2. 



3. 



4. 



5. 



6. 



x-1 4 
X 4 



3(x-l) 9 

y ^1. 

5(y+2) 10 

x+5^1 
x-5 6 
X 2 

3x+l 7 
2y+3 ^3 

3y+7 4 



7. 



8. 



9. 



10. 



11. 



12. 



3(5x-6) 9 
7(3x-7) ^23 
4(x+3) 12 

2 ^ 3 
3x+l 5x+2 

7 ^ 9 
4x-3 3x+4 
x+5^ x+25 
x-4 x-2 

5x-7 ^ 10x+ll 
3x-5 6x+ 7 



13. 



2x-3 



3x 



2(x-3) 3x-4 

14. The ratio of an angle to its supplement is ^. Find the 
angle. 

15. The ratio of an angle to its complement is ^. Find the 
angle. 

16. The ratio of the supplement of an angle to the comple- 
ment is -f. Find the angle. 

17. If an angle is increased by 3° and its complement de- 
creased by 13°, the ratio of the two angles will then be -f. Find 
the original angle. 

18. The base of one rectangle is 3 less than the base of 
another. The altitude of the first is 3, and that of the second 
is 5. The ratio of the areas is ^. Find the bases of the 
two rectangles. 

19. The ratio of 3° to the complement of an angle is equal to 
the ratio of 21° to the supplement of the same angle. Find the 
angle. 
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20. Find three consecutive numbers such that the ratio of 
the first to the second is equal to the ratio of 5 times the third 
to 5 times the first plus 16. 

Variation 

101 Direct Proportion: If a train travels 120 miles in 3 hours, it 
would travel 240 miles in 6 hours. ^ is the ratio of the two 
times, and ^^^ is the ratio of the two distances , taken in the same 
order. Both ratios reduce to ^ and therefore the problem may 
be expressed by the proportion, ^ = -g^-l^. An increase in time 
produces an increase in distance. 

If the train travels 120 miles in 3 hours, it would travel 80 
miles in 2 hours because -f = ^-^ . A decrease in time prodxices a 
decrease in distance. 

When two quantities are so related that an increase or de- 
crease in one produces the same kind of a change in the other, 
one is said to be directly proportional to the other, or to vary 
directly as the other. 

Example: If a piece of steel 3 yds. long weighs 270 lbs., how 
much will a piece 5 yds. long weigh? 

Let x= weight of the 5-yd. piece. 
3 270 

- = (the weight is directly proportional to the length.) 

5 X 

x= ? 

Exercise 66 

1. If 60 cu. in. of gold weighs 42 lbs., how much will 35 cu. 
in. w.eigh? 

2. If the interest on a certain sum of money is $84.20 for 5 
yrs., what would be the interest for 8j yrs.? 

3. If a section of I-beam 10 yds. long weighs 960 lbs., how 
long is a piece of the same material weighing 1280 lbs.? 
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4/ An engine running at 320 revolutions per minute 
(R.P.M.) develops 8j horsepower. How many horsepower 
would it develop at 365 R. P. M.? 

5. At 40 lbs. pressure per square inch, a given pipe dis- 
charges 180 gallons per minute. How many gallons per minute 
would be discharged at 55 lbs. pressure? 

6. What will be the resistance of a mile of wire if the 
resistance of 500 yds. of the same wire is .65 ohms? 

7. A steam shovel can handle 900 cu. yds. of material in 
8 hrs. At the same rate how many cu. yds. can be handled 
in 7 hrs.? 

8. A 12 pitch gear 10*^ in diameter has 120 teeth. How 
many teeth would a 6" gear with the same pitch have? 

9. An engine running at 185 R. P. M. drives a line shaft 
at 210 R. P. M. At what R. P. M. should an engine run to 
give the line shaft a speed of 240 R. P. M.? 

10. If a machine can finish 65 pieces in 75 minutes, how 
long will it take it to finish 104 pieces? 

102 Inverse Proportion: If a train travels a given distance in 
4 hrs. at the rate of 40 miles per hour, it would take 8 hrs. 
to travel the same distance if the rate were 20 miles per hour. 
^ is the ratio of the two times, and ^^ is the ratio of the two 
rates, taken in the same order, ^ = 2 but •|^ = t- Therefore 
the problem may be expressed as a proportion if one ratio is 
first inverted. ^ = i% or •| = "|^. An increase in time produces 
a decrease in rate. 

If a train travels a given distance in 4 hours at the rate of 
40 miles per hour, it would take 2 hours to travel the same 
distance if the rate were 80 miles per hour, because ^ = f^ or 
1^ = 1^^. A decrease in time produces an increase in rate. 
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When two quantities are so related that an increase or a 
decrease in one produces the opposite kind of a change in the 
other, one is said to be inversely proportional to the other, or 
to vary inversely as the other. 

Example: If 6 men can do a piece of work in 10 days, 
how long will it take 6 men to do it? 

Let x=time it will take 5 men 

6 X^ (the number of men is inversely proportional to 

g ~" ]^Q the number of days.) 

x = ? 

Exercise 66 

1. A train traveling at the rate of 50 miles per hour covers 
a distance in 5 hrs. How long would it take to cover the same 
distance if it traveled at 40 miles per hour? 

2. A man walking at 4 miles per hour can travel a dis- 
tance -in 3 hrs. At what rate would he have to walk to cover 
it in 2 hrs.? 

3. If 40 men can do a piece of work in 10 days, how long 
will it take 25 men to do it? 

4. 12 men can do a piece of work in 28 days. How many 
men could do it in 84 days? 

6. The number of posts required for a fence is 42 when 
they are placed 18 ft. apart. How many would be needed 
if they were placed 14 ft. apart? 

6. One investment of $6,000 at 3§% yields the same 
income as another at 3%. What is the amount of the second 
investment? 

■ 

7. A man has two investments, one of $15,900, and the 
other $21,200. The first is invested at 6%. At what rate 
must the other be invested to produce the same income as 
the first? 
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8. A man planned to use 36 posts spaced 9 ft. apart in 
building a fence. His order was 6 posts short. How far 
apart should he place them? 

Exercise 67. (Review) 

1. The circumference of a circle is directly proportional 
to its diameter. If the circumference of a circle whose diam- 
eter is e*' is 18.8496*', what is the circumference of a circle 
whose diameter is 4^^? 

2. If the circumference of a circle, whose diameter is b'^ 
is 15.708'^, what is the diameter of a circle with a circumference 
of 28.2744*'? 

8. The area of a circle varies directly as the square of its 
diameter. If the area of a 2" circle is 12.5664 sq. in., find the 

12.5664 4 
area of a 4" circle. (Suggestion: ~ ia^ 

4. The volume of a quantity of gas varies inversely as 
the pressure when the temperature is constant. If the volume 
of a gas is 600 cubic centimeters (c. c.) when the pressure is 
60 grams per square centimeter, find the pressure when the 
volume is 150 c. c. 

6. A quantity of gas measures 423 c. c. under a pressure 
of 815 millimeters (m. m.). What will it measure under 760 
m. m.? 

6. The volume of a cube varies directly as the cube of the 
edge. If the volume of an 11" cube is 1331 cu. in., what is 
the volume of a 7" cube? (See suggestion, problem 3.) 

7. The volume of a sphere is directly proportional to the 
cube of its diameter. Find the volume of a 6" sphere if a 
10" sphere contains 523.6 cu. in. 

8. The volume of a quantity of gas varies directly as the 
absolute temperature when the pressure is constant. If a 
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quantity of gas occupies 3.25 cu. ft. when the absolute tem- 
perature is 287°, what will be its volume at 329°? 

9, The velocity of a falling body varies directly as the 
time of falling. If the velocity acquired in 4 seconds is 128.8 
ft. per sec, what would be the velocity acquired in 7 seconds? 

10. The weight of a disk of copper cut from a sheet of 
uniform thickness varies as the square of the diameter. Find 
the weight of a circular piece of copper 12*' in diameter if one 
V in diameter weighs 4.42 oz. 

11. A wheel 28*^ in diameter makes 42 revolutions in going 
a given distance. How many revolutions would a 48*^ wheel 
make in going the same distance? 

12. If 3 men can build 91 rods of fence in a certain time, 
how much could 7 men build in the same time? 

13. If 25 men can do a piece of work ih 30 days, how long 
would it take 27 men to do the sanae work? 

14. If the pressure on 230 c. c. of nitrogen is changed 
from 760 m. m. to 666 m. m., what will be its new volume? 

16. The absolute temperature of 730 c. c. of hydrogen is 
changed from 353° to 273°. What is its new volume? 

16. If the circumference of a circle 3^" in diameter is 
10.9956, what is the diameter of a circle whose circumference 
is 23.562? 

17. A sum of money earns $1750 in 3^ yrs. How long will 
it take it to earn $2750? 

18. An investment of $1125 at 5% earns the same amount 
as another of $1250. What is the rate of the second investment? 

19. If an investment at 2\% produces an income of $400, 
what would it produce if invested at 3f %? 

20. The diameter of a sphere which contains 47.71305 cu. 
in. is AY' What will a sphere contain whose diameter is 3"? 



CHAPTER VI 

PULLEYS, GEARS, AND SPEED 

103 An important problem in the running of lathes is the cal- 
culation of the speed at which the work should be turned, in 
order to complete the work in the shortest time possible, with- 
out injury to the work or the tools used. Similar problems 
arise in the use of fly-wheels, emery wheels, grindstones, etc. 

104 Rim Speed: When the wotk in a lathe is turned through 
one complete revolution, a point upon the surface of the work 
travels a distance equal to the circumference of the work. In 
one minute, it would travel a distance equal to the circum- 
ference of the work multipUed by the number of revolutions 
per minute (R. P. M.). 

The distance in ffeet traveled by a point on the circumference 
of a wheel in one minute is called Rim Speed or Surface Speed. 

105 RULE: To find the rim speed, multiply the circumference of the 

revolving object by the number of revolutions per minute (R. P. 
M.)i and express the result in feet. 

Example 1: The diameter of a wheel is 2''. If it makes 
2500 R. P. M., what is the rim speed? 

C = zr.D = 3.1416.2 = 6.2832^ 

6.2832 

I rt — .5236 (circumference in feet.) 

.5236 X 2500 = 1309, rim speed. 

Example 2: The surface speed of a wheel is 30i00. If the 
diameter is 4", what is its R. P. M.? 

3.1416. 4 = 12.5664* 

12.5664 

^ ^ = 1.0472 (circumference in feet.) 

96 
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Letx = R. P. M. 

then 1.0472x = 3000 

x = 2865, R. P. M. 

Example 3: What is the diameter of a wheel if its R. P. M. 
is 2500 and its surface speed is 1500 ft. per minute? 

Let x = diameter of the wheel. 

Then 3. 1416x = circumference of the wheel. 
3.1416X. 2500 = 1500 
7854x = 1500 

X = . 1 9, diameter in feet. 
.19 • 12 = 2.28 diameter in inches. 

Exercise 68 

1. What would be the rim speed of a 12' fly wheel running 
at 75 R. P. M.? 

2. An emery wheel 15" in diameter runs at 1400 R. P. M. 
Find the surface speed. 

3. A pulley 51" in diameter runs at 1250 R. P. M. What 
is its rim speed? 

4. A 12* circular saw runs at 2450 R. P. M. What is 
its cutting speed (rim speed)? 

6. A 10" emery wheel has a rim speed of 5000 ft. per 
minute. How many R. P. M. does it make? 

6. A grindstone will stand a surface speed of 800 ft. per 
minute. At how many R. P. M. can it run if its diameter 
is 4' 8"? 

7. At how many R. P. M. should a 9|" shaft be turned 
in a lathe to give a cutting speed of 60 ft. per minute? 

8. A fly wheel having a rim speed of a mile a minute 
runs at 120 R. P. M. What is its diameter? 
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9. An emery wheel runs at 950 R. P. M. If its surface 
speed is 5500 ft. per minute, what is its diameter? 

10. A Une shaft runs at 186 R. P. M. A pulley on this 
shaft has a rim speed of 1350 ft. per minute. What is the 
diameter of the pulley? 

11. The splicing of a belt connecting two equal pulleys 
travels through the air at the rate of 2000 ft. per minute. 
At what speed must the pulleys run if they are 20*^ in diameter? 

12. A band saw runs over two pulleys each 32*' in diameter. 
If the band saw is 16' long, and the speed of the wheels 600 
R. P. M., what is the cutting speed of the band saw? 

Pulleys 




Fig. 61. Pulleys 



106 When two pulleys are connected by a belt, the rim speeds 
of the two pulleys must be the same if there is no slipping of 
the belt. Suppose pulley I (Fig. 61) is 6" in diameter and 
pulley II is 12". The circumference of I is J as large as the 
circumference of II, and therefore I will revolve twice while 
II revolves once. In other words, the ratio of the diameter 
of I to the the diameter of II is f , while the ratio of the R. P. M. 
of I to the R. P. M. of II is ^. This may be expressed as a 
proportion if one ratio is inverted and therefore : 
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107 When two puMeys are connected by a belt, the size of the pulley 
varies inversely as its R, P. M. 

Example: One of two pulleys connected by a belt is 12*' 

> 

in diameter, and its R. P. M. is 400. What is the R. P. M. 
of the other pulley if it is S*' in diameter? 

Let x = R. P. M. of the second pulley. 

12 X 

— = (the size varies inversely as the R. P. M.) 

3 400 

x = 1600. R. P. M. 

Exercise 69 

1. A 12" pulley running at 200 R. P. M. drives an 8"' 
pulley. Find the R. P. M. of the 8'' pulley. 

2. A 14'' pulley drives a 26'' pulley at 175 R. P. M. What 
is the R. P. M. of the 14'' pulley? 

3. A 30" pulley running 240 R. P. M. is belted to a 12" 
pulley. Find the R. P. M. of the 12" pulley. 

4. A pulley on a shaft running at 120 R. P. M. drives a 
24" pulley at 200 R. P. M. What is the diameter of the pulley 
on the shaft? 

Lineshaft: The line shaft is the main shaft which drives 
the machinery of a shop by means of pulleys and belts. 

Counter Shaft: A counter shaft is an auxiliary shaft placed 
between the line shaft and a machine to permit a convenient 
location of the machine. 

6. A line shaft runs at 250 R. P. M. Determine the size 
of the pulley on the line shaft in order to run a 6" pulley on 
a machine at 1550 R. P. M. 
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6. It is found necessary to run a counter shaft at 310 
R. P. M. If driven by an IS*' pulley running at 175 R. P. M., 
what must be the diameter of the pulley on the counter shaft? 

7. A counter shaft for a grinder is to be driven at 375 
R. P. M. by a line shaft that runs at 210 R. P. M. If the 
pulley on the counter shaft is 12*' in diameter, what size pulley 
should be put on the line shaft? 

8. A motor running at 875 R. P. M. has a lO^*^ driving 
pulley. If the motor drives a line shaft at 180 R. P. M., 
what must be the size of the Une shaft pulley? 

9. The diameters of two pulleys connected by a belt are 
in the ratio f . If the R. P. M. of the larger pulley is 966, 
what is the R. P. M. of the smaller? 




Fig. ea 



10. Pulley I is belted to II, and III to IV (Fig. 62). II and 
III are on the same shaft. If the diameter of I is 18*^ and its 
R. P. M. is 240, find the R. P. M. of II if its diameter is 8^ 
Find the R. P. M. of IV if it has a diameter of 6", and III has 
one of 20". 
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Step-Cone Pulleys 




Fig. 68» Step-Cone Palleys 

108 To secure dififerent speeds on the same machine, step-cone 
pulleys (Fig. 63) are used on both the driving shaft and the 
driven shaft. The large step of the driving pulley may be 
belted to the small one of the driven for high speed, the medium 
one to the medium one for middle speed, and the small one to 
the large one for low speed. ^ 

Example: A step-cone pulley having diameters ll"', 8^", 
and 6*^, running at 120 R. P. M., drives a step-cone pulley 
having diameters 4", 6^", and 9". Find the three speeds. 

Let x = R. P. M. at high speed. 



'^*^-T=^ 



Why] 



1320 = 4x 

X = 330, R. P. M. at high speed. 



t 
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Let y = 

Then^ 
1020 = 

y= 

Let z = 

6 
Then -= 

720= 
z- 



Why? 



R. P. M. at middle speed. 

y 

120 
6|y. 

= 157 — , R. p. M. at middle speed. 
R. P. M. at low speed. 
z 
120 
9z. 
= 80 ft. p. M. at low speed. 



Why? 



Exercise 70 
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Fig 64 



Fig. 65 



1. The steps of a pair of cone pulleys are 7*^, 5*^, 3"', and 
Vj 6", S" in diameter (Fig. 64). If the lower pulley has a 
speed of 1050 R. P. M., find the three speeds of the upper 
pulley. 

2. The diameters of the steps of a step-cone pulley on a 
machine are 10", 8§" and 7'', and the corresponding counter 
shaft diameters are 5|", 7", and Sj". Find the speed for each 
step on the machine if the counter shaft runs at 1190 R. P. M. 
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3. The steps of the cone pulley on a wood-turning lathe 
are lY) ^\'\ ^^^ 4*'. Tbe correspondmg diameters of the 
driving pulley on the motor are 2\^j 4^"^, and ^\^. Find the 
three speeds on the lathe if the motor speed is 1165 R. P. M. 

4. The smallest steps on a pair of cone pulleys are 2^*' 
and 2f *'. The increase in diameter of each succeeding step is 
lY (Fig. 65). The first pulley has a speed of 1000 R. P. M. 
Find the three speeds of the second pulley. 



Gears 




Fig. 66. Gears 

109 In machines where absolute accuracy in the speed of the 
work is required, gears are used instead of belts to eliminate 
slipping. When two gears are meshed as in Fig. 66, it is evi- 
dent that their rim speeds are the same. Sizes of gears are 
measured by the number of teeth rather than their diameters. 
Suppose a 48-tooth gear drives one with 24 teeth. The smaller 
one will revolve twice, while the larger one revolves once. 
The ratio of the numbers of teeth is y, while the ratio of the 
speeds is ^. Therefore: 

110 When one gear drives another, the speed is inversely propor^ 
tional to the number of teeth. 
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Exercise 71 



1. A 38-tooth gear is driving one with 72 teeth. If the 
first gear runs at 360 R. P. M., what is the speed of the second 
gear? 

2. A i4-tooth gear running at 195 R. P. M. is to drive 
another gear at 105 R. P. M. What must be the number of 
teeth in the second gear? 

3. Two gears are to have a speed ratio of 3 to 4. If the 
first gear has 36 teeth, how many will the second have? 

4. The ratio of the numbers of teeth in two gears is ^. 
The R. P. M. of the first is 350. What is the speed of the 
second? 




^er 



Fig. 67 



6. In Fig. 67 gear I has 72 teeth, II has 40, III has 56, 
and IV has 32. The R. P. M. of gear I is 60. Find the 
R. P. M. of II. If gear III is on the same shaft as II, find 
the R. P. M. of IV. 



REVIEW PROBLEMS 



Exercise 72. (Review) 
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Fig. 68 

1. The gear with 72 teeth has a speed of 35 R. P. M. 
Find the speed of the 32-tooth gear. (Fig. 68.) 

2. If the 32-tooth gear (Fig. 68) is to be replaced by one 
which is to have a speed of 280 R. P M., what size gear must 
be used? 




Fig. 69 



8. In Fig. 69 what must be the size of the line shaft 
pulley (I) to run the emery wheel (V) at 1215 R. P. M., if the 
R. P. M. of the Une shaft is 150? 
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4. What would be the R. P. M. of the emery wheel (V), 
Fig. 69, if the line shaft pulley (I) is replaced by a 48*' pulley? 

6. Find the grinding speed of the emery wheel in problem 
4, if its diameter is 12''. 

6. A wood-turning lathe is driven by a motor running at 
1200 R. P. M. The smallest step of the cone pulley on the 
motor shaft is 2"^ in diameter, and its mate on the lathe is 7". 
All increases in the diameters of succeeding steps are 2*^. If 
the work being turned is 3" in diameter, find the cutting speed 
on high speed. 

7. Find the cutting speed in problem 6 on middle speed. 

8. Find the cutting speed in. problem 6 on low speed. 



CHAPTER VII 

SQUARES AND SQUARE ROOTS 

111 Square of a binomial: A few kinds of multiplication prob- 
lems are used so often that it is a saving of time to be able to 
write the result without performing the actual multiplication. 
One of these is the square of a binomial. 

Find the value of the following by multiplying, and write 
the results as in part 1 : 

1. (a+3)2=a2+6a+9. 3. (m+n)2 = 

2. (b+5)2= 4. (x+7y)2 = 
In each result, observe the following: 

I. There are 3 terms in the result. 

II. The first term of the result is the square of the first 
term of the binomial, and the third term of the result is the 
square of the second term of the binomial. 

III. The second term of the result is 2 times the product 
of the two terms of the binomial. 

Find the value of the following by actual multiplication and 
write the results as in part 1 : 

1. (a-3)2=a2-6a+9. 3. (-m+n)2 = 

• 2. (b-10)2= 4. (-x-7y)2 = 

In each result observe that the same facts hold true as in 
the preceding case, and that the law of signs for multiplication 
must be used. 

iij^.RULE: To square a binomial, square the first term, take 2 
times the product of the two terms, square the second term, 
and write the result as a trinomial. 

107 
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Example: (2a-3bx)«= (+2a)«+2(+2a)(-3bx)+(-3bx)« 

= (+4a«)+(-12abx)+(+9b«x*) ■ 
=4a''-12abx+9b*x^ 





' 


Exercise 73 




Wi 


■ite the results without written m 


ultiplication: 


1. 


(a+D* 




16. 


(a2+b2)2 


2. 


. (t+u)* 




17. 


(2m2-3n)2 


3. 


, (d-4)* 




18. 


(4t«-3u2)2 


4. 


■ (x-y)* 




19. 


(a*+4a)2 


6. 


, (2a+b)« 




20. 


(7-3Tn2)2 


6. 


. (3x-6)* 




21. 


(m-|)« 


7. 


, (a -3b)* 




22. 


(y+i)^ 


8. 


. (x+4y)« 




23. 


(2x-i)« 


9. 


. (2m+3n)* 




24. 


(3m+f)2 


10. 


. (6t-4u)« 




26. 


(ix+iy)2 


11. 


. (6ab-5xy)» 




26. 


(|x2-fy)2 


12. 

* 


, (5ab+4bx)'' 


. 


2'r. 


(lft2-fu')» 


13. 


, (in«+6)* 




28. 


(If+^'y 


14. 


. (x«-8)* 




29. 


(2.3 l-5.1m)2 


16. 


. (a»-2)« 




30. 


(.3125m'n+3^mn')» 




31. 


Square 


32 mentally. 



Suggestion 322 =(30+2)2 

= 900+120+4 = 1024 

Square the following mentally: 

82. 21 36. 34 

33. 22 36. 37 

34. 29 (Suggestion 29 = 30-1) 37. 49 



38. 19 

39. 35 

40. 43 
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SQUARE ROOT 

Square Root of Monomials 

113 Square Root: Problems often arise in which the reverse of 
squaring is necessary. For example: what must be the side 
of a square whose area is 25 sq. in.? The side must be such 
that, if multiplied by itself, the result will be 25. It is evident 
that 5 is the side of the square since 5^ = 25. 

The square root of a number is a number which if squared, will 
produce the given number. 

Finding such a, number is called extracting square root, and 
the operation is indicated by the radical sign, V 

(— 4)2=i6/-"- V 16= +4, or— 4, written +4. • 

(-3a)2=9aM ,-^ , ^ 
(+3a)2=9a^/-^^^=±3a. 



(Ila2b*)2 = 121a%8.\ V121a*b8=+lla2b^ 

Exercise 74 

Find the square root of: 

1. 81 4. 144m2n2 

2. 121 6. 25xV 

3. 4a2 

Find the value of: 



6. V49xV 8. V196x*y« 



7. V64a2b* 9. V256ci«dV 



10. V400a2b*c8 

The square root of a negative number cannot be found since, by the 
law of signs for multiplication, the square of either a positive or a negative 
number is positive. 



. no 
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Square Root of Trinomials 



114 (a+b)2=a2+2ab+b* \ . 



(_a-b)2=a2+2ab+b/-'-^»'+2ab+b2=+a+b,or-a-b, 

written + (a +b). 
(a-b)2=a«-2ab+b2 \ . 



(-a+b)2=a2-2ab+bV ''• Va2-2ab+b2=+a-b,or-a+b. 

written + (a— b). 

115 Trinomial Square: A trinomial in which two of the terms 
are squares and positive, and the other term is 2 times the 
product of the square roots of those terms, is called a trinomial 
square, and is the square of a binomial. 



Exercise 75 

Select the trinomial squares in the following: 
1. x2+2xy+y2 ii. 64a*-176a+121 



2. m^— 4m+4 

3. m2-4m+6 



4. a^— 4a— 4 



6. x2-6xy+9y2 

6. 4t2+6tu+9u2 

7. 16x2+ 25y2 

8. 169m«-26m3n+n2 

9. 25x2+16y2-40xy 
10. 49V-70xyz-25z2 



12. 49m4n2+112m2+8n4 

13. X2+X+J 

14. m2+fm+^ 

16. x2+|x+| 

16. 4a2+ab+3^b2 

17. 9m2-24mn+16 



r2_L3 



9 



18. x2+fx+^ 

20. t ~8^~"2^ 
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n^ By Art. 114, Va2+2ab+b2=+(a+b). 

Va2-2ab+b2= +(a-b). 

Observe the following facts in each result: 

I. The two terms of the binomial are the square roots of 
the two terms of the trinomial which are squares. 

II. If the sign of the other term of the trinomial is plus, 
the terms of the binomial have like signs, and if it is minus, 
the terms of the binomial have unlike signs. 

117 RUL£: To find the square root of a trinomial square, extract the 
square root of the two terms which are squares, connect them 
with the sign of the other term of the trinomial, and prefix the 
Sign + to the binomial thus formed. 

Example : Find the square root of 25x^4- 16y^ — 40xy. 



V 25x2+ 16y2 -40xy = + ( V 25x2 - V lOy^). 

= +(5x-4y). . 

Exercise 76 

Find the square root of : 

1. 9x2-24xy+16y2 

2. 9+6X+X* 

3. 49m2+14mn+n2 

4. t2-10tu+25u2 

5. ai«-2aV+y-' 
'e. 4a«-4a3b2c+bV 

7. 4a2-20ay+25y2 

8. 9m2+42mx+49x2 

9. -72xy+81x2+16y2 
10. 25x«+49a^b2-70a2bx» 
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Find the value of: 



11. V30m+25+9m2 



12. V -60m2nV+25m%*+36p» 

13. V 49aV+ 112a3x'+64a2x* 



14. Vx^+x+J 



15. Via2+25b2-V>ab 

16. Vi^V+¥tu+9u2 



17. V f|m^+2mV+ ffD^ 

18. Vx^-fx^+Tfrr 



19. Via*b2-fa2bc3+^®3^-c« 

Square Root of Numbers 

118 By problem 31,. Exercise 73. 

322 = (30+2)2=900+120+4 = 1024. 

.-. V1024 = V 900+120+4 = + (30+2) = +32. 

To extract the square root of such numbers as 1024, it is 
necessary to separate them into the form of a trinomial square. 
This can not be done by inspection. Therefore it is convenient 
to use the simplest form of trinomial square, t2+2tu+u2, as 
a formula. In that case, t2+2tu+u2 corresponds to 1024, 
and its square root, t+u, corresponds to the square root of 
1024, or 32. The work may be arranged as follows: 

t+u 
t2+2tu+u2=t2+u(2t+u)= 1024 |30+2 



t«= 


900 


2t=60 
u= 2 


124=u(2t+u) 


2t+u=62 


124 






.-.V 1024 =+32. 
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Example 1 : Find the square root of 5625. 

In* order to find how many digits there are in the square root 
of a number, observe the following: 



= 81. 

992=9801. 

9992=998001. 

The square of a number of one digit can not contain more 
than two digits, the square of a number of two digits can not 
contain more than four digits, etc. Therefore, the number of 
digits in the square root of a number may be determined by 
separating the given number into groups of two digits each, 
beginning at the decimal point. 

t-t-u 
t«+u(2t-i-u) = 56'25 1 70+5 

t''=4900 



2t=140 

u= 5 

2t+u=145 



725=u(2t+u) 
725 



/.V 5625 =+75. 

Observe that t is found by extracting the square root of the 
greatest square in the first group, and u is the integral number 
found by dividing the remainder by the number equal to M. 



Example 2 : Find the value of V 289. 

t+u 
t2+u(2t+u)= 2'89 1 10+9 

t2= 100 



2t = 20 

u = 9 

2t+u = 29 



189 = u(2t+u) 
2 61* 
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t«+u(2t+u) = 
t*= 


=2'89 
= 100 


t+u 
10+8 


2t = 20 

u= 8 

2t+u=28 


189= 
2 24 


=u(2t+u) 


t'+u(2t+u) = 
t«= 


■ 

= 2'89 
100 


t+u 
10+7 


2t=20 

u= 7 

2t+u = 27 


189 = 
189 


=u(2t+u) 



/. V289 = +,17. 

Observe that in finding u, it is not always possible to take 
the largest integral number found by dividing the remainder 
by the number equal to 2t. 









Exercise 77 




]xt 


ract the 


square 


root of : 




1. 


1849 




5. 2916 


8. 4624 


2. 


3136 




6. 961 


9. 1521 


3. 


576 




7. 256 


10. 4489 


4. 


5184 




• 





Example: Find the square root of 60516. 

t+u 
t2+u(2t+u) = 6'05'16 [200+40 
t2 = 4 00 00 



2t = 4 00 

u= 40 

2t+u = 4 40 



2 05 16 = ur2t+u 

176 00 
29 16 
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The square root of 60516 will contain three digits. The 
first two are found in the usual way. The root is evidently 
240 +? and the amount that has been subtracted from 60516 
(40000+17600) is 240^. Therefore 240 may be considered a 
new value of t, and 2916 a new value of u(2t+u), in finding 
the third digit of the root. The. problem then becomes: 

t+u 
t2+u(2t+u) = 6'05'16 1240+6 
t2 = 5 76 00 



2t = 480 
u= 6 

2t+u=486 



29 16 = u(2t+u) 



29 16 



These two operations may be combined into one problem as 
follows: 

t+u t+u 

. t2+u(2t+u) = 6'05'16 1200+40 240+6 

t2 = 4 00 00 



2t = 400 
u= 40 

2t+u=440 



2 05 16 = u(2t+u) 
1 76 00 



2t=480 
u= 6 

2t+UF=486 



29 16 = u(2t+u) 
29 16 



.-. V 60516= +246, 



Find the value of: 



1. V 37636 

2. V73441 

3. V54756 



Exercise 78 



4. V 173889 

5. V 98596 



6. V 233289 



7. V 94249 



8. V 648025 



9. V 9778129 
10. V 1022121 
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119 The operation of extracting square root may be abridged as 
follows: 



Find the the value of: 



V 235.6225 



t + u 



t + u 



t + u 
1 5. 



t2+u(2t+u) = 2' 3 5'. 6. 2' 2 5 

t2=l 



2t= 20 
u= 5 

2t+u= 25 



1 3 5 = u(2t+u) 
12 5 



2t= 300 

u= 3 

2t+u= 303 



10 6 2=u(2t+u) 
9 9 



2t = 3060 

u= 5 

2t+u = 3065 



15 3 2 5 = u(2t+u) 
15 3 2 5 



/. V 235.6225 = +15.35 

NOTE: In pointing off the given number into groups of two digits 
each, begin at the decimal point and proceed both right and left. 



Exercise 79 




Find the square root of: 






1. 2323.24 


6. 


.07557001 


2. .120409 


7. 


.00003481 


3. 2.6569 


8. 


1621.6729 


4. 32.1489 


9. 


1040400 


5. 123.4321 


10. 


1624.251204 
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IW If a number is not a perfect square, the operation may be 
continued to as many decimal places as is desired by annexing 
a sufficient number of ciphers. 

Example: Find the value correct to .001 of: 



V4 

• 


.3295 


H. 


• 

t + u 




t 


+ u 


( 


t 


+ u 
8 




t 
2. 


+ u 



8 = 2.081 


t«+u(2t+u)=4. 
^=4 


32' 


99' 
= u(2t4 


40' 00 


2t=40 
u= 


32= 
00 


-u) 


2t=400 
u= 8 


32 
32 


99 = 
64 


=u(2t+u) 


2t+u=408 




2t=4160 
u= 




35 
00 


40 = u(2t+u) 
00 


2t= 41600 

u= 8 

2t+u= 41608 




35 
33 


40 00=u(2t+u) 
28 64 



11 



36 



/. V 4. 32994 =+2.081 

Observe that if 3 decimal places in the result are required, 
it is necessary to determine the digit in the 4th place, and if 
it is 5 or more, to add 1 to the digit in the 3rd place. 
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Exercise 80 

Find the square root of the following correct to 4 decimal 
places: 

1. 15 3. 126 

2. 38 4. 2.5 

6. 634.125 

Find the value of the following correct to .0001:- 

6. V2 8. V5 

7. V3 9. V.5 

10. V 14.4 



V36= V9.4= V9. V4=3.2=6. 

121 From this it is evident that: 

The square root of a number is equal to the product of the square 
roots of its factors. 

This law may be used to simplify the process of finding the 
square roots of numbers which contain one or more factors 
that are squares. For example: 

V12 = vT V3 = 2 V3 = +3.4642. 



Exercise 81 

Given V2 = 1.4142, v'3 = 1.7321, vT= 2.2361, 
Find the value of the following correct to .001 



1. 


V 8 


2. 


V18 


3. 


V20 


4. 


V27 


6. 


V32 



6. V45 

7. V48 

8. V50 

9. V72 

10. vio8 
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11. 


V180 


16. 


V 98 


12. 


V 80 


17. 


V147 


18. 


V125 


18. 


V320 


14. 


V363 


19. 


V243 


16. 


V512 


.20. 


V128 

1 



/'2\2_2 2_4 . /4 L2 

122 The square root of a fraction is found by extracting the 
square root of the numerator and of the denominator. 



Exercise 82 

Find the square root of: 
lie Q 1 

2. If *• H^ • 

R 169 

■ 

Find the value of the following correct to .001: 



6. VH 8. V^ 



'• ^^T *• ^f 144 

1A / 1 62 

1;^S In fractions where the denominator is not a perfect square 

the operation of finding the square root may be simplified by 
multiplying both numerator and denominator by a number 
which will make the denominator a square. 

Example: v|= V^=4i = ±?:^^=+.6124 

V16 4 — 
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• 


Exercise 83 


Find the value of the following correct to .001 : 


1. Vi 


«. VI 


2. Vi 


7. Vf 


3. Vi . 


8. Vf 


4. Vi 


». v| 


6. Vf 


10. VV 



Quadratic Equations 

124 Quadratic Equation: A quadratic equation is one which con- 
tains the square of the unknown quantity as the highest power 
of the unknown. 

^ , X 13 3x 40 

Example: = — 

2 3x 2 3x . 

3x2-26 = 9x2-80 Why? 

54 = 6x2 Why? 

x2 = 9 Why? 

X = +3 (extracting the square root of both 

members) 

Observe that: 

I. A quadratic equation of the form x2=9 may be trans- 
formed into one containing the first power of the unknown by 
extracting the square root of both members. 

II. In extracting the square root of both members of the 
equation x2 = 9, the full result would be +x=+3, which is a 
condensed form of: 

1. +x=+3 3. -x=+3 

2. +x=-3 4. -x=-3 

1 and 4, 2 and 3 are the same equations and therefore x= +3 
expresses all four equations. ~ 
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Exercise 84 

Solve (correct to .001 where necessary): 

"8 



1. 


x«=12 


2. 


x» = 75 


8. 


x«= 55225 


4. 


x«=46 


6. 


2 169 
x* = 

1225 


6. 


2 75 

x*= — 

108 



7. x2 = ^ 



8. x2+10 = 59 

9. y2-ll = 185 

10. 7m»- 175=0 

11. 8s«-38=90 

12. lla*-5=2+2a* 



18. 3(x-2)-x=2x(l-x) 

14. (2t+3) (t+2) - (t+3) (t+4) = 4t* - 21 



16. (t+4)»+(t-4)«=48 



i« 3x'+l 5(x»-l) (4xH-l)__ 
"• 5 lO 25" ~" 

1,. y!±y+i_3^i:y±i=i5 

y-l y+1 

5r-3^ r+2 
9r+l 2r+5 

.^ 2x-5 , , 3x+10 
"• '-3-=^-^-2l^+T 

3x-l 3x+1 ^29 
3x+l''"3x-l 14 
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21. The length of a rectangle is 3 times its width, and the 
area is 243 sq. in. Find the dimensions of the rectangle. 

22. How long must the side of a square field be that the 
area of the field may be 6 acres? 

28. The dimensions of a rectangle are in the ratio |, and 
its area is 300. Find the dimensions of the rectangle. 

24. The side of one square is 3 times that of another, and 
its area is 96 sq. in. more than that of the other. Find the 
sides of the two squares. 

25. If the area of a 3*^ circle is 28.2744, find the diameter 
of a circle whose area is 78.54. (See Exercise 67, problem 3.) 

26. Find the diameter of a circular piece of copper whose 
weight is 3.01 oz. if a 10*^ disk weighs 9.03 oz. (See Exercise 
67, problem 10.) 

27. The intensity of light varies inversely as the square of 
the distance from the source of light. How far from a lamp 
should a person sit in order to receive one half as much light 
as he receives when sitting 3 ft. from the lamp? 

28. The distance covered by a falling body varies directly 
as the square of the time of falling. If a ball drops 402 ft. in 
6 seconds, how long will it take it to drop 600 ft.? 

29. The weight of an object varies inversely as the square 
of the distance from the center of the earth. If an object 
weighs 180 lbs. at the earth's surface, at what distance from 
the center will it weigh 160 lbs., if the radius of the earth is 
4000 miles? 

30. The surface of a sphere varies directly as the square of 
the diameter. Find the diameter of a sphere whose surface 
is 78.54 sq. in., if the surface of an 11" sphere is 380.1336 sq. in. 



r 
I 

» 

r 

i 
\ 



CHAPTER VIII 



FORMULAS 
Evaluati(»i of Formulas Containing Square Root 

Exercise 85 

Evaluate the following formulas for the values given (correct 
to .001 where necessary): 



a 



1. h=^V3 



2. c=Va2+b2 

3. V=2?rVR 

4. A=|r2V3 

5. V = ^V2 



6. G=Vab 

7. V=-^ 2 -+^^a3 



8. t 



^ /T 



9. S=:^(V6-1) 



10. D=Va2+b2+c2 



11. b= Va2+c2-2a'c 

12. I = 2VD2+a2 + ttD 



13. M = |V2(a2+c2)-b2 

-b+Vb2+4ac 

U. x = 

2a 



when a = 5. 

when a=4, b = 5. 
when r = J, R=l§. 

when r=3j. 

when a =3.2. 

when a=4, b=5. 

when a =6, r=18, R=24. 

when 1=1, g= 32. 

whenr=2j. 

when a=5, b = 6, c = 7. 
when a =14, a' = 5, c = 12. 
when D = 16, a = 35. 
when a = 15, c = 17, b = 19. 

when a = 3, b = 5, c = 20. 
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15. x= ^ Vb^+4ac whena = 3,b = 5, c = 20. 

16. l = ^(^^y+a,^+7r(^^)when D = 36,d = 6,a=96. 



17. s = -rV10~2V5 when r=4i. 

N 



18- s = 5^.?rR2-^V4R2-C2 whenN = 72,R=10,C=13. 



19. x^ Vr(2r- ^|4T^-s^) whenr = 3,8 = 2. 



20. A= Vs(s— a) (s— b) (s— c) whena=15, b = 18, c = 22, 

s = ^(a+b+c). 

125 A formula is an equation and may be solved for any of the 
letters involved if the values of all the other letters are given. 

Example 1: Z=4?rra. Find a, when Z = 502.656, r=8. 

502.656 =4. 3. 1416. 8. a 

5. 

15.708 

. 62.832 

502.656 

4-3.14168 

Example 2: V=J;rr2a. Find r, when V = 593.7624, a =7. 

1.0472 
593.7624 = f 3. 1416- r2. 7 

81 

84.8232 

, 593.7624 ^, 
r2= =81 

1.04727 
r=+9. 



FORMULAS INVOLVING SQUARE ROOT 



125 



Example 3: h?=a2+c*— 2ac'. Solve for c', when a=5, 

b=6, 0=7. 

36=25+49-2.5.c' 
10e'=38 
c'=3.8 

Exercise 86 

Find the values (correct to .001 when necessary) : 



1. P=4a 

2. P=a+b+c. 

3. P=2(a+b). 

4. A = ab. 
i. A=ibh. 

6. A=ih(b+bO. 

7. A=|h(b+b'). 

8. C = 23rr. 

9. A=3rr2. 

10. W=r.p. 

11. W = r.p. 

12. W=r.p. 

13. L=lfd+|. 

14. S=igt«. 

16. S=|gt2+vt. 



Find a, when P=5f . 

Find c, when P=7962, a =1728, 
b = 3154. 

Find a, when P=17|, b=2j. 
Find b, when A=2.31, a=l.l. 
Find h, when A=3|^, b = 3|. 
Find h, when A = 96, b = 18, b' = 6. 
Find b', when A =12.8, b=1.2, h = 8. 
Find r, when C = 50. 
Find r, when A = 50. 

Find p, when w=333|, 1 = 25, h=4|. 
Find 1, when w=320,h = 24, p = 213§. 

Find h, when w = 150, 1 = 162, p = 100. 

Find d, when L = 4^. 
Find t, when S = 196.98. 
(See Exercise 17, problem 5.) 
Find V, when S = 164.72, t = 3. 
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iiv 

16. F=-^. Find F, when u = 11,^^ = 7. 

u+v 



uv 



17. F=-^. •Findv,whenF=liu = 3. 

u+v * 

18. x= jr . Findx, whenb= — 5, a = 3, c= — 2. 

19. A=^. Find D, when A =115. 

20. V=aT2a. Find r, if V = 330, a ^7. 

21. V=3rr2a. Finda,if V= 46.9, r = 2.3. 

QQ v-^ ^+H Find r, when V=1932, H = 14.6, 

v-TTT-. 2 . h = 8.2. 

23. V=aT2.^^i5. FindH,whenV = 2246,r = 8,h==6. 



2 

4r' 



24. A=^. Find A, when a = 2.3, b = 3.2, c=4.L 

r = 2.058. 



26. A=^. Find r, when a = 21, b = 28, e = 35, 

A=294. 

26. A = ir(a+b+c). Find r, when a = 79.3, b = 94.2, c = 

66.9, A =261.012. 

27. A = Jr(a+b+c). Find a, when A = 27.714, r = 2.3095, 

b = 8, e = 8. 

28. A = |(2;rR+2;rr)s. Find A, when R = 8, r = 3, s = 7. 

29. A=|(2;rR+23rr)s. Find r, when A=439.824, R= 10, 

s = 10. 

30. A=^(2?rR+2?rr)s. Finds,whenA= 106.029, R = 7^,r = 6- 

Find 1, when D = 1 J, d = 1 J, a = 15. 
32. h = ^^JY. Find a, when h = 27.7136. 



FORMULAS INVOLVING SQUARE ROOT 127 

33. A = ^V3. Findh, when A = -^V3. 

2? .-zr- 



34. A = — V 3. Find a, when A = V 48. 
4 

36. V = :^V2". Find V, when a = 6. 

Qy.2 

36. A = ^V3. . Find r, when A =153. 

37. e2 = a2+b2. Find b, when c = 2.1, a = 1.7. 

38. b2 = a2+c2+2a'c. Find a, when b = 8, c = 5,a' = 2.1. 

39. b2=a2+e2+2a'q. Find a', when a = 18, b = 16, c = 31. 

40. b2=a2+c2-2ac'. Find c, when a = 5, b=4, c' = 2.3. 

41. b2 = a2+c2-2ac'. Findc', whena=14,b = 15,c = 16. 



42. H = f-Vs (s— a)(s— b)(s— c). 

Find H, when a = 2.18, b = 5, e = 3.24, 
s = |(a+b+c). 

43. a2+b2 = 2Qy+2m2. Find m, when a = 9, b = 12, e = 15- 

44. a2+b2 = 2r|y+2m2. Findb, whena = 5, c = 13,m = 6|. 

45. s = ^( V "5- 1). Find r, when s = 10.50685. 



46. x = ^^^-^ — Findx,whena = 3,b=— 7, c=+2. 

47. V = 2;r2r2R. Find r, when V = 98696.5056, R = 50. 



48. x= Vr(2r— V4r2 — s^). Find x, when r = s = 10. 

N 



49. s = ^.;rr2-- V4r2-c2. 

Find N, when 8 = 23.1872, c = r= 16. 



60. x = ^ — ^^^-^. Findx,whena=-6,b=-9,c = +2. 



128 



FORMULAS 



Right Triangle 



126 One of the formulas most commonly used is that of. the right 
triangle. 






Fig. 70 



127 Right Triangle: A right triangle is a triangle in which one 
angle is a right angle. The Unes including the right angle are 
called the sides, and the line opposite the right angle is called 
the hypotenicse. 

It can be proved that; 

128 The square of the hypotenuse is equal to the sum of the squares 
of the two sides. 
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This truth is stated by the formula: 

c2=a2+b2 (Fig. 70). 

Exercise 87 

« 

Find results correct to .001 when necessary: 

1. Find c, when a = 8, b = 15. 

2. Find a, when b=9, c=41. 
8. Find b, when a = 3, c = 6. 

4. Find the hypotenuse of a right triangle when the sides 
are 3.2 and 2.4. 

5. The hypotenuse and one side of a right triangle are 
respectively 2f and if. Find the other side. 

6. The sides of a right triangle are 5f and 12.5. Find the 
hypotenuse. 

7. The two sides of a right triangle are equal to each 
other, and the hypotenuse is 18. Find the sides. (Fig. 71.) 




8. One side of a right triangle is 3 times the other, and 
the hypotenuse is 80. Find the sides. Draw a figure. 

9. The two sides of a right triangle are in the ratio f , 
and the hypotenuse is 225. Find the sides. Draw a figure. 

10. Find the diagonal of a square whose sides are 1.32. 
(Fig. 72.) 
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11. Find the perimeter of a square whose diagonal is 17. 
Draw a figure. 

12. Find the diagonal of a rectangle whose dimensions are 
11 and 16. (Fig. 73.) 

13. Find the dimensions of a rectangle whose diagonal is 
91, if the length is 5 times the width. Draw a figure. 

14. The perimeter of a rectangle is 70, and its sides are in 
the ratio ^. Find the diagonal. 

16. A ladder 36 ft. long is placed with its foot 11 ft. from 
the base of the building. How high is a window which the 
ladder just reaches?* 

16. A flag staff 79 ft. long is broken 29 ft. from the ground. 
If the parts hold together, how far from the foot of the staff 
will the top touch the ground? 

17. How long is a guy wire which is attached to a wireless 
tower 227 ft. from the ground, and is anchored 362 ft. from 
the foot of the tower? 

18. The slant height of a cone is 12", and the radius of the 
base is 5j". Find the altitude of the cone. (Fig. 74.) 




Fig. 74 

19. One side of the base of a square pyramid is 14*', and 
the altitude is 16". Find the edge, E. (Fig. 75.) (Sugges- 
tion : The altitude of the pyramid meets the base at the middle 
point of the diagonal.) 

20. Find the slant height, S. (Fig. 75.) 



CHAPTER IX 

QUADRATIC EQUATIONS 

129 The quadratic equations in Chapter VII, Art. 124, were 
solved in the same way as equations containing only the first 
power of the unknown, until they were reduced to the form 
x2 = 20. To continue from this point, it became necessary to 
extract the square root of both members of the equation in 
order to find x. Thus, 

x2 = 20 

x= +4.4722 

180 Quadratic equations when simplified may contain both the 
first and second powers of the unknown. For example: x^+ 
6x = 72. It is not possible to extract the square root of x^+Qx, 
and therefore the form of the equation must be changed before 
extracting the square root of both members. By Art. 115, 
x2+6x+9 is a trinomial square, because x^ and 9 are -squares 
and 6x is 2 times the product of their square roots. Therefore 
by adding 9 to both members of x2+6x = 72, it becomes 
x2+6x+9 = 81, and then it is possible to extract the square 
root of both members and x+3 = +9. (See Exercise 76.) 

131 This example shows the necessity of finding the third term 
of a trinomial square when the first two are given. This 
operation is called completing the square. 

Let it be required to "complete the square" in the expression 
x^+lOx. In the trinomial square, lOx will be 2 times the 
product of the square root of x^ and the square root of the 

term which is required. Since Vx2 = x, then 10 must be 2 
times the square root of the required term, 5 must be the 
square root of the required term, and 25 must be the required 
term. This may be expressed as a problem thus: 

131 
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Let ls?=^the required 3d term. 

x*+10x+k*=the trinomial square 

then 10x=2- V^- V^ 

10x=2-x.k 

, IQx 10 
2x 2 

10 



^ — ( — J (the required third term) 



132 RULE: To change an expression of the form z*+az into 
trinomia] square, add to it the square of i the coefficient of z. 



Exercise 88 
Complete the square in the following: 

1. x2+4x 6. x2-17x 

2. x2+12x 7. x2-Jx 
8. x2-6x 8. x2+x 
4. x2+5x 9. x2+3^x 
6. x2+9x 10. x2+3.2x 

Solution of Qtxadratic Equations by Completing the Square 

133 Example 1: Solve x2+5x= 14. 

x2+5x=14 

25 81 25 

X^+5x-\ = — (adding — to both members. See Art. 132.) 

4 4 4 

x4—=+- Why? 
2 —2 
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,5 ,9 ,5 9 
x+ =+- x+-= — 

2 2 or 2 2 


• 


x=+2 x=-7 




.•.x=+2,-7. 




Check: (+2)«+5(+2) = 14 


(-7)2+5(-7) = 14 


4+10=14 oi 


49-35 = 14 


14 = 14 


14 = 14 


xample 2 : Solve x« - 3x - 6 = 0. 




x*-3x-6=0 




x«-3x =6 


Why? 


x*-3x+|=\3 


Why? 


x-t=+v^ 


Why? 


x = f+''^ 


Why? 


x=-|+^-^ 


Why? 



x= 4.373, or -1.373 

Check: Results which contain the square roots of numbers 
which are not perfect squares, will not check in the problem 
'perfectly, 

(4.373)2-3(4.373) -6=0 (-1.373)2-3(-1.373)-6 = 

19 123129-13.119-6 = or 1.885129+4.119-6 = 

.004129 = .004129 = 

An approximate check. 
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7 2 

Examples: Solve 5= — — , 

r* r 

7 2 

r* r 

7— 5i:*=-2r Why? 

6r* — 7 = 2r (multiplying both members by — 1 ) . 

5i:*-2r=7 Why? 
2r 7 

I*—- ^= ^ (dividing both members by 5). 

. 2r . 1 36 ^ , 
^^-^+26 = 25 ^^• 

1.6 

7 , 

r=^, or— 1 



Observe: 

I. The signs of an equation may be changed by multiplying 
(or dividing) both members by a negative number. 

II. The terms containing the unknown should be arranged 
in the first member and the known term in the second member. 

III. If the term contfiining the square of the unknown has a 
coefficient other than 1, it is necessary to divide both members 
of the equation by that coefficient before completing the square 
according to- Art. 132. 
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Exercise 89 




Solve: (Express .the results correct to 


.001 when necessary 


1. x2+4x = 5 




16. 


x2=23+4x 


2. x2-12x=45 




17. 


8y+21=y2 


8. y2=4y+12 




18. 


t2+3t=9 


4. x2 = 91-6x 




19. 


s2+ll = 7s 


6. x2+3=4x 




20. 


m2+5m=-2 


6. x2-2x-15 = 




21. 


2x2-5x=3 


7. x2-7x+10 = 




22. 


3x2+5x=2 


8. x2-6 = x 




23. 


5x2-7=3x-5 


9. x2-12x+6 = i 




24. 


12(x2+l) = 25x 


10. x2-3x+2=12 




26. 


2(x2+l) = 5(x+l) 


11. x2+4 = 5x 




26. 


7x2-4x=18 


12. x2+48 = 20x-3 


T 


27. 


3x2-14x+6=0 


13. x2-4x=8 




28. 


5x2-12 = llx 


14. x2+l = 6x 




29. 


2x2-3x = 18 


16. x2+6x+6 = 




30. 


3x2-17x=-16 




Exercise 90 




Solve and check: 








1. 3X — 43X= ~2g; 








2. fx«+18+lix=: 


|x- 3x2+39 







3. 



4. 



1 ii 



5 
6 



9x* 18x 

6. (3x-6)(4x+2)-2x(x+7)-81 = x+14 
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24 

6. 3x+^=6x-4 

X — 1 

7. (2x-l)«-(3x+2)''+(3x-l)'+30=6 
'• x+2 3x ** 

y+1 y 



10. 



X 5 



x+84 3x-7 
Solve: 



11. 



12. 



16. 



19. 



20. 



X-6 -2i 
3 2-x 

2x+3 x-2 



6x-l 3x-2 

13. (6x-6)«=(ll+3x)(7-8x)+7x 

14. (x-2)(x-3)(2x+l)-(x+7)(2x-7)(x+3) =65(2+x) 
-8 (x«-6) 

16. ^+ '^ ^ 



X ' x+1 3 
5 14 3 



x+2 X— 4 X 



15+3x 24 30+4x 

x+1 x+1 x+3 

,o 3x+2 , 3x-2 ISx+lO 



3x-2 ' 3x+2 3x+2 

8-x 2x-ll ^x-l 
2 x-3 3 

X 13 8+x 



2x-l 3 x+5 
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Exercise 91 

1. The length of a rectangle is 5 more than the width, 
and the area is 104. Find the dimensions. 

2. The product of two consecutive numbers is 272. Find 
them. 

3. The sum of the squares of two consecutive numbers is 
421. Find the numbers. 

4. The difference of the squares of two consecutive num- 
bers is 83. Find the numbers. 

6. The hypotenuse of a right triangle is 13, and one side 
is 7 more than the other. Find the sides. 

6. The diagonal of a rectangle is 41, and the length is 31 
more than the width. Find the dimensions. 

7. The sum of the squares of three consecutive numbers 
is 194. Find the numbers. 

8. The sum of the area of two squares is 202, and a side 
of one is 2 more than a side of the other. Find the sides of 
both squares. 

9. If the product of three consecutive numbers is divided 
by each of them in turn, the sum of the three fractions obtained 
is 242. Find the numbers. 

10. The length of a rectangle is 4 more than 3 times the 
width, and the area is 64. Find the dimensions. 

11. Find three consecutive numbers such that the product 
of the first two plus the product of the second and third shall 
equal 882. 

12. Divide 17 into two parts whose product shall be 60. 
(Suggestion: Let x=one part, 17— x = the other part.) 
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13. The square of the larger of two consecutive numbers 
is equal to 122 mor^ than twice the smaller number. Find the 
numbers. 

14. The side of one square is % that of another, and the 
sum of their perimeters is 96. Find the sum of their areas. 

16. Divide 22 into two parts such that one is the square of 
the other. 

16. The perimeter of a rectangle is 60, and its area is 56. 
Find the dimensions. 

17. The diflFerences between the hypotenuse of a right 
triangle and the two sides, are 8 and 4. Find the hypotenuse. 

18. The perimeter of a rectangle is 34", and the area is 
109 sq. in. less than the square of the diagonal. Find the 
dimensions. 

19. The length of one rectangular field is 3 times the width. 
Another field which is 4 rds. longer and 3 rds. wider, contains 
44 sq. rds. less than twice the area of the. first. Find the 
dimensions of both fields. 

20. If 12 is divided by each of two consecutive numbers, 
the sum of the results is ^-^ , Find the consecutive numbers. 

21. The ratio of the squares of two consecutive even num- 
bers is yVot- T^i^d the even numbers. (Hint: How far apart 
are two consecutive even numbers?) 

22. The area of two circles are in the ratio -f^, and the 
diameter of the larger is 2" more than the diameter of the 
smaller. Find the diameter of each. (See Exercise 67, 
problem 3.) 

23. One of two pulleys connected by a belt has a circum- 
ference 18" larger than the other. The R. P. M. of one is 36 
more than the R. P. M. of the other. If the belt travels 2016 
ft. per min., find the two circumferences. (See Example 2, 
Art. 105.) 
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Fig. 76 



24. The area of a circle is 78.54. Find the side ol the 
inscribed square. (Fig. 76.) 




Fig. 77 



25. The area of a circle is 314.16. The sides of the in- 
scribed rectangle are in the ratio f. Find the sides of the 
rectangle. (Fig. 77.) 



CHAPTER X 

EQUATIONS AND FACTORING 

134 Factors: The factors of a number are the numbers whose 
product is equal to the given number. For example: 1 and 
12, 2 and 6, 3 and 4, 2, 3 and 2 are all sets of factors of 12 
because in each case their product is equal to 12; 5ac^ and 
6a^b form one set of factors of 30a^bc^ because 5ac^*t)a2b= 
30a^bc^; (x— 2), (x— 3), and x form one set of factors of 
x^— 5x2+6x because (x— 2)(x— 3)x = x^— 5x2+6x. 

135 Factoring: Factoring is the process of separating a number 
into its factors. 

136 Any equation that can be put into its factored form can be 
easily solved. Let it be required to solve the equation (x— 2) 
(x— l)(x+4) = 0. It is readily seen that if x=+2, the equa- 
tion will check because (2-2)(2-l)(2+4) = 01-6 = 0; also if 
x=+l,-the equation will check because (1—2) (1 — 1) (1+4) = 
( — 1) •0*5 = 0; also if x= — 4, the equation will check because 
(-4-2)(-4-l)(-4+4) = (-6)(-5)-(0)=0. In this equa- 
tion then, x=+2, +1, or —4. These results are obtained by 
putting each factor equal to zero and solving the equations 
thus formed as follows: 

x-2=0 x-l = x+4 = 
or or 

x = 2 x=l x=— 4 

Observe that the second member of the equation must be 
zero in order to chec^ when one of the factors equals zero. 

140 
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Exercise 92 

Solve and check: 

1. (x+l)(x-2)=0 6. (6-x)x=0 

2. (x-l)(x+2)=0 7. (2x-l)(3x+6) = 

3. (x-3)(x-5)=0 8. (4x+2)(x2-l)(2x-l) = 

4. (x+7)(x+4)=0 9. (x+|)(x-|)(x+f)(x-|)=0 

6. x(x-6) = 10. (3x-|)(x2+4x+3)(5x-.2) 

(fx+6) = 

137 In order to express an equation in its factored form, a knowl- 
edge of factoring is necessary. Factoring is the reverse of 
multiplication, and therefore a study of some of the common 
forms of multiplication is necessary before a study of factoring. 

Multiplication of any two Binomials 

138 Find the value of the following by multiplying and write 
the results as in part 1 : 

1. (x+2)(x+5) =x2+7x+10. 





x+2 
X 

x+5 




, 


x«+2x 






+5X+10 






x«+7x+10 




2. 


(x+3)(x-l) = 


6. (3x-5)(2x-3) = 


3. 


(x-4)(x-l) = 


7. (4x+l)(5x-2) = 


4. 


(-x+5)(x+7) = 


8. (5x+7)(3x-2) = 


6. 


(2x+l)(3x+4) = 





In each result, observe the following: 

I. The first term of the result is the product of the first 
terms of the binomials. 
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II. The last term of the result is the product of the second 
terms of the binomials. 

HI. The second term of the result is the sum of the two 
cross products. (See part 1.) 

139 RULE: To multiply any two bmomials, find tbe product of tbe two 

first terms of the binomials, the sum of the two cross products, 
the product of the two second terms of the binomials, and write 
the result as a trinomial. 

Exercise 93 

Write the results without written multiplication: 

1. (x+2)(x+3) 7. (2x-5)(2x+7) 

2. (y-7)(y-ll) 8. (7x+2)(7x+2) 
8. (t+3)(t-5) 9. (4x-6z)(4x-5z) 
4. (x+8)(x-l) 10. (3x-8)(3x+8) 

6. (2x+y)(x+5y) 11. (3x2-4y2)(4x«-3y«) 

6. (x-3)(5x+7) 12. (a'+2ab2)(5a'-7ab2) 

Factoring a Trinomial of the form ax^+bx+c. 

140 The process of multiplying any two binomials may be 
reversed, and a trinomial of the form ax^+bx+c may be 
factored into two binomials. 



Example 1: Factor x^+x — 6, 



x2 = x • X 



x2+x-6 = (x+3)(x -2) because ^ 



-6 = (+3)(-2) 
+x=(+3)(x) + (-2)(x) 
(See Art. 138) 

Example 2 Factor 14x2— 3x— 2. 

As far as the first and last terms of the trinomial are con- 
cerned, the factors may be any of the following: 
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7x+l 
2x-2 

14x+l 
x-2 



7x-l 

2x+2 

14x-l 

x+2 



7x-2 

2x+l 

14x+2 
x-1 



7x+2 
2x-l 

14X-2 
x+1 



But the only set which gives the correct middle term of the 
trinomial is (7x+2)(2x--l) /. 14x2-3x--2 = (7x+2)(2x-l). 



Exercise 94 



Factor: 

1. x2+7x+10 

2. x2-7x+10 

3. x2+4x+4 

4. x2+3x+2 
6. x2-4x+3 

6. x2-2x-15 

7. x2+2x-15 

8. x2-21x+110 

9. x^-x-llO 

10. x^+x-llO 

11. 5m2-2m-7 

12. 2y2-3y-5 



13. 7x2 -2x- 5 

14. 2x2+8x+6 
16. 3x2-10x+8 

16. 3x2-10x-8 

17. 3y2+5y-12 

18. 2x2-7x+6 

19. 8y2-26y-7 

20. 2d2+17dx-30x2 

21. 16-18x-24x2 

22. 35a*+18a2~8 

23. 26ab-15a2+21b2 

24. 15m2+19mn-56n2 



26. 15m2+19mn+6n2 
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Solution of Quadratic Equations by Factoring 

141 Example: Solve 10x*—3x= 18 by factoring. 

10x''-3x=18 
10x«-3x-18=0 Why? 
(5x+6)(2x-3)=0 Why? 
•5x+6=0 2x-3=0 
or 
x=— f x=-|. 
Check: 10(-|)*-3(-f) = 18 10(f)»-3(f) = 18 

10(M)+V = 18 or 10(f) -3(f) = 18 

18=18 



¥-1=18 
18 = 18 



NOTE: If a quadratic equation can not be factored readily, it can 
always be solved by completing the square. 







Exercise 9E 




Solve by factoring and check : 






1. 


x2+7x+12 = 




11. 


6(x«-l) = 5x 


2. 


x2-17x+70 = 




12. 


12x2 -29x+ 16=1 


8. 


x2-16x = 36 




13. 


2x(12x-l) = 15 


4. 


x2+22x = 75 




14. 


12x(x-20)=x-20 


5. 


x2-15x-33 = l 




16. 


49x2+8 =42x 


6. 


x2-6x+30 = 6x- 


-6 


16. 


16a'+40a= -25 


7. 


2x2+5x+2-0 




17. 


48t'=22t+5 


8. 


3x2+20x=7 




18. 


5m(10m-ll)+14=0 


9. 


6x2-6 = 13x 




19. 


27s2-42s+16=0 


10. 


x+3 = 14x2 




20. 


72y*+6y-15=0 
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Exercise 96. Factoring Applied to Fractions 

Reduce to lowest terms: 



2 



x^-lOx+9 12x^-xy-6y^ 

x2+ 5x-6 6x2+llxy+3y 

6x^~7bx~3b^ 10x^-21xy~10yg 

2x2-llbx+12b2 6x2-xy~35y2 

3y^-57y+54 
15y2-36y+21 

Simplify: 

y2-4y-21 2y2-5y-12 



6. 



7. 



8. 



9. 



10. 



4y2+12y+9 y2-lly+28 

x+3 6x^+7x+2 

2x2-3x-2 ' 4x2+7x-15 

6x2 - 5xy - 6y2 20x2+ jgxy _ 6y2 



8x2- 14xy +3y2 I5x2+28xy+ 12y2 

1 ^ 1 

x2-5x+6 • 2x2+3x-9 

12x-l 20x2-23x+6 ^ 20x2-23x+6 
.4x-3 ' 12x2-145x+12 " 4x2-51x+36 



14^ In problems involving the addition or subtraction of frac- 
tions, it is always advisable, if possible, to factor the denomina- 
tors in order to find the lowest common denominator. 

r? 1 a 1 36 9 20 

Example: Solve 6x2-17x + 5 " 2x2+x-15 = 3x2+8x-3 

36 9 20 



6x2-17x+5 2x2+x-15 3x2+8x-3 
36 9 20 



(2x-5)(3x-l) (2x-5)(x+3) (x+3)(3x-l) 



Why! 



36(x+3)-9(3x-l) = 20(2x-5)/L. C. D. is (2x-5)\ 

\(x+3)(3x-l). / 
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36x+108-27x+9=40x-100 Why? 

217 = 31x Why? 

X = 7 Why? 



Check: 



36 9 20 



294-119+6 


98+7- 


15 


147+66-3 


36 
180 


9 
"90" 


20 
200 






1 
5 


1 
10 

1 
10 


-12 -2 

II II 
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Solve : 



1. A-h ' " 



x-3 ' x-2 x2-5x+6 

5(x-2)^x2-3x+2'"^ 
3 10 



3. 



4. 



6. 



3x-2 2x-3 6x2-13x+6 

x+1 x~l x+4 
3(x-2) 2(x+3) X2+X-6 

3x-2 2x-5 x-4 



2x2-13x+20 3x2-14x+8 6x2-19x+10 
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143 Example: 

^. ,., 2x-l 5(x-3) , x+3 

Simplify: ^2_2x-3"2x^-5x-3+2x^+3x+l 

. 2x-l 5(x-3) x+3 



x2-2x-3 2x2-5x-3 ' 2x2+3x+l 



(x-3)(x+l) (2x+l)(x^3) ' (2x+l)(x+l) 

(2x-l)(2x+l) 5(x-3)(x+l) 

(x-3)(x+l)(2x+l) (2x+l)(x-3)(x+l) 

(x+3)(x-3) ,„ ^ . .' ^. 

+ (2x+l)(x+l)(x-3) ^^^"^^"« '" ^- ^- ^-^ 

4x^-1 -5x^+10x+15+x^-9 

(x-3)(x+l)(2x+l) 

lOx+5 5(2x+l) 5 



(?c-3)(x+l)(2x+l) (x-3)(x+l)(2x+l) (x-3)(x+l) 

Observe that in addition and subtraction of fractions, the 
L. C. D. is found in the same way as for clearing of fractions in 
equations, but the L. C. D. must be retained in the result. 

144 The process of reducing mixed expressions to a fractional 
form becomes a special case of addition and subtraction of 
fractions, if an integral number is considered a fraction with the 
denominator 1. 

Example: Reduce aH — ^-r to fractional form. 

. b^ _ a(a+b ) , b 



a+b a+b a+b 

a ^+ab+b 
a+b 
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Exercise 98 



Simplify: 



1. 



2. 



3. 



4. 



6. 



x2+6x-16 x2+7x-18 
3-x . x+4 



x2-9x+20; 7x2-26x-8 



+ 



z 



5a2--4a-l2 a2+4a-12 ' a-2 

x-1 2x 

5x2-17x+14 10x2-19x+7 

5 + ^ 1 

a2+3ab+2b2^a2-ab-2b2 



145 Complex Fraction, A complex fraction is one in which the 
numerator, or denominator, or both contain fractions. 

14^ RULE: To simplify a complex fraction, simplify both numerator 
and denominator (if necessary) and divide the numerator by the 
denominator. 

SimpUfy: 

1 1 1 

1+- 
a 

a 

(a+b)^ 
4ab 



6. 



8. 



a+8 a-7 



-1 



a+8 a-4 
6x2-x-2 



(a-b)2 
4ab 



9. 



x+1 



6x 



+ 1 



6x2+7x+2 6x 



x2+2x+l x+1 



10. 



3a^-2a~l 2a^+5a-3 
3a^+ a-1 '3a^+7a+2 
4a2-2a-2 



4a2+10a+4 
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Factoring a Trinomial Square 

ll^t By Art. Ill, a trinomial square is obtained by squaring a 
binomial (multiplying a binomial by itself), which makes it a 
special case of Art. 138. 

Finding the square root of a trinomial square (Art. 117) is 
finding one of its two equal factors, and, therefore, a trinomial 
square may be factored by expressing it as the square of its 
binomial square root. For example: Qx^— 12xy+4y2=(3x— 
2y)2 = (3x - 2y) (3x - 2y) . 

Exercise 99 

4 

Factor: 

1. t2-16t+64 7. 64m4+176m2n+121n2 

2. 100+s2+20s 8. 169rV-78rsV+9v« 

3. 81 +225x2 -270x ^^^2 g 

9. ax+4a2 

4. 81m2- 216m +144 25 5 

6. -30rs2+9r2+25s* o o qa 

10 — 12— ^t + — 

6. 121-44x«+4xi2 * 16 7 49 



Factoring the Difference of Two Squares 

» 

IJiS By Art. 138, if the two binomials to be multiplied together 
are the sum and difference of the same two terms, the sum of the 
cross products is zero, and the result becomes the square of the 
first term of the binomials minus the square of the second term 
of the binomials. For example : (2x + 5) (2x — 5) = 4x2 _ 25. 

IJfi By reversing the process, the difference of two squares may 
be factored into two binomials, one the sum, and the other the 
difference, of their square roots. 



150 



EQUATIONS AND FACTORING 



Exercise 100 



Factor: 

1. x«-y* 

2. b^-a* 

3. 16 -m« 

4. l-a« 

5. t^-i 

6. 144x2b*-9 

7. 



4 2 25 2 



9 



16 



16. 



8. a*— b* (into 3 factors) 

9. an)2-9m2n* 

10. 16a* — 1 (into 3 factors) 

11. 1296x^-625}'^ (into 3 factors) 

12. a^o -b^® 

13. m^* — n^* (into 5 factors) 

14. ?5-^ 
x2 49 

4n2 



m^ 



1. 



Solve: 

3x-1 ^ 13x+9 
x-2 x2-4 



„ 3^x+3 4_ 

5 x-3 x2-9 



3. 



Exercise 101 



' + ' 



3 2x+l ' 2x-l 15 ' 4x«-l 



= ^-h 



6. 



6. 



2x-l 



x2+14x+49 x2-49 
x-1 2x+5 



2x-5 2x+5 4x2-25 "' 4x2-2px+25 2x2-3x-5 

2(y+l) 2y+5 



7. 



8. 



4y2_9 4y2_|.i2y+9 
4 12 9 3 



x-1 x+1 x2-l x2-2x+l 

30\ X 12x2-llx-15 



1-X2 1+X2 



lOx+25 4x2+17x+18 



2 



10. 



l+x2 1-x 
1-x 1+x 
1+x 1-x 



1 

4 



CHAPTER XI 

LITERAL EQUATIONS 

150 Ldteral Equations, Sometimes the solution of an equation 
results in a formula containing one or more general • numbers. 
Such equations are called literal equations. 

Example. Solve : 3x+ 15b = 27b — x 

4x = 12b 

'x= 3b 

Check: 3-3b+15b = 27b-3b 

24b = 24b 

This solution means that the value of x is always three times 
the value of 6. 

151 In Exercises 53, 54, and 55, literal equations of the 
following forms were solved: 

1. 3a2b3x=-12a3b3 

2. 3a2m8x=l.lla3m3-3.3a2m^ 

3. (y+2)x = y3-y2-34y-56. 

These equations were solved in each case by dividing both 
members of the equation by the coefficient of the unknown. 

To reduce an equation to any one of these forms, use the 
following steps: 

1. Clear of fractions. 

2. Combine similar terms. 

3. Transform the equation so that all the terms containing 
the unknown stand in one member and all other terms in the other 
member. 

4. Divide both members of the equation by the coefficient 
of thfe unknown. 
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152 In some cases, after applying three of these steps, it will 
not be possible to combine the terms containing the unknown 
quantity. In those cases, it is necessary to express that mem- 
ber as the product of the imknown and a poljmomial in order 
to find the coefficient of the unknown. 

Example:' Solve for x: — r = - 
^ X— b a 

ax— a2 = bx— b^ Why? 
ax-bx = a2— b^ Why? 
x(a-b)=a2-b2 Why? 

a2-b2 (a-b) (a+b) 



Check: 





A- 


a 


— b a — b 


a+b- 


-a 


b 




a+b- 


-b" 


a 






b 


b 






a 


a 


Exercise 102 



=a+b 



Solve for x and check : 

1. 4a'b2x = 15a*b3c x+1 m+n 



2. 2mn^=2m^n2— 6mn' 



X— 1 m— n 



X a s 

3. (a+l)x=a3+3a2+3a+l ®- 51*^51 "t 

4. axy=b+c ^^ ^_|_5_? = 1 

a b c 

6. ax+bx=a^--b^ , «, 

X b 2bc 

10. 



6. 2mx+3nx = 5a a— c a+c a^— c^ 

153 In connection with formulas, it will be convenient to be 
able to solve a literal equation for any of the letters involved. 

Q 

For example: In the formula C = 2wr, r= — . In Exercise 

23r 

85, such formulas were made into numerical equations by 
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substituting values for all letters but one, and then solving for 
that unknown. By treating them as literal equations, they 
can be solved for any letter, and the result can be used as a 
formula to obtain the value of that letter. 

Example: Solve for x: — r = r 

2a— X a— x _a 
HB c~~b 

2ac— ex— ab+bx=ac Why? 

bx— cx=ab— ac Why? 

x(b-c) = a(b-c) Why? 

x=a (1) 

g-^i I ^a """ a a "^ a a 
v^necjv . -I """ ^~~~^~ ^~ T~ 

b c b 

b " b 

a_a 
b"b 
Solve for b : bx — ab = ex — ac Why? 

b(x— a) = c(x-a) Why? 

b = c Why? (2) 

^, , 2a— X a— X a 

Check: =— 

c c c 

2a— X— a+x _a 
c ""c 

a_a 

Observe that the. same steps are used as in Airt. 151. Care 
must be taken in the last step to divide by the coefficient of the 
required letter. 
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Exercise 103 

1. x+a=2a— b. Solve for x: for a: for b. 

2. 5x— llm = 3x+5m. Solve for x: form. 

3. x = ax+l. Solve for x: for a. 

4. 2x+a— b = 2a+b— X. Solve for x; for a; for b. 

6. — -=--| _. Solve for a: for b: fore. 

4 2 2 3 4 

6. Tr~^' Solve for m; for a; for b. 

^ 3a2 x(a^-c^) a(3a-l) . , ^ , . 

7. ^^ ^ = -i ^ + 1. Solve for X. 

c c c 



8. 



a— 3b a— 2b _ 5b(c4-b)+cd Solve for a; for b; for c; 
a -2b a-3b~a2-5ab+6b2* ford. 



Monomial Factors 

134 The process used in determining the polynomial coefficients 
of the unknown quantities in problems of Exercises 102 and- 
103 may be used in expressing a polynomial as the product 
of a monomial and a polynomial. 

Example 1. a^— a=a(a— 1) 

Example 2. 6a+8b = 2(3a+4b; 

Example 3. 4x2y+6xy2- 18xy = 2xy(2x+3y-9) 

NOTE : The factors of Example 3 might be : 

2 and 2x2y +Zxy^ -. 9xy 

xand4xy +6y* -18y 

y and 4x2 4-6xy -18x 
2x and 2xy +3y* - 9y 
2y and 2x2 _^3xy _ 9x 
xy and 4x +6y —18 
2xyand2x +3y - 9 

but in such cases, it is better to take out the complete monomial factor. 
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Exercise 104 

Factor: 

1. x^— x^+x 

2. 14m^--21m3+7m-7m2 

3. 16xVz2-4bV 

4. a^m®— b^m^ 

5. x«-2x3+l 

6. 3m4-6m2+3 

7. a2-5ab-104b2 

8. c^2^4c^y-21cV^ 

9. 40m3+14m2n-12inn2 

10. Sla^cM^ - 625bVd5 (4 factors) 

Reduce to lowest terms: 
Sm^n 



11. 



12. 



13. 



14. 



2m -2n 
6a -6b 

2a+2b 
5a+5b 

ax— X 
bx+x 



16. 



16. 



17. 



18. 



Exercise 105 



Simplify: 
4m^x^ 



1. 



2. 



3. 



35y^ 



12am + 16bm 
18an +24bn 

2? -3a +2 
2a^x— 6ax+4x 

IGa^m^x^ — 24a^m^x^y 
24a^mx^ + 36a^mx ^ 
12x3 _6Qx2 ^72x 
3x2y+ 9xy -30y 



7y3 12m2x3 

3am -3m 7bm— 7bn 20a -20b 
5am — 5an 4am— 4bm 21a+21 

2x+6 9x^+27x-90 
3x-6*20x2+70x+30 
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32abx8— 72ab3x 80bx*+ 120b2x 



4. 



36mnx2+ 6bmnx - QOb^mn * 27mnx2 + 90bmnx + TSb^mn 



m . n 



6. 



7. 



8. 



9. 



2m--2n 5m — 5n 

_5 y_ 

4x— 4y x^— y* 

m n 



12m3n - Sm^n^ 15m2n2 - lOmn^ 

1 1 

4x2 _ 9y2 4x2+ i2xy +9y2 

m+n , m— n 



16m2-40mn+25n2" 16m2-25n2 



10. .-J-+:-^_-::^,+ >^ 



x-y x+y x2-y2 x2-2xy+y2 

Exercise i06 

Solve for x: 

1. 5ax--3a = 5bx — 3b 

2. 2a2(3x - 2) - 2a(21x - 10) = 12(2 - 5x) 

, abn ab . abn 

3. ab = — |- 



4. 



m X mx 

2sx-t ^ 7t^+4stx-7s2 
s 4t2 



6. a 3 ,3b+9_Q 

a^ — ax ab— bx 2ab 



6. 



X 1 1 



3a2— 3ac 5ac+5c2 a^ — c^ 



m^+mn 2nx(m+n) _ m2+2mn+n2 
'^' ~x+3n~"''x2+5nx+6n2" x+2H 

1 1 ^ a^ + ab+b^ 



a2-4b2x2 ' ab+2b2x a3b-4abV ' a2-2abx 
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ax 

^ 2"*"3 X 9x2 

9. 



a_x 2a+3x 4a2~9x2 
3 2 

.A b-1 , 1 



6x2+bx-15b* ' 8bx-12b2 



1 , 3x(l-2b) 



6x2+10bx ' 24bx2+4b2x-60b» 

Exercise 107. Formulas as Literal Equations 

1. P = 2(a+b). Solve for a. Use the result as a formula . 
and evaluate when P = 17|, b = 2^. 

2. L=lfd+^. Solve for d. Use the result as a formula 
and evaluate when L = 4x^^. 

3. •S = ^gt2+vt. Solve for v. Evaluate the result when 
S = 164.72, t = 3. 

abc 

4. A= — - . Solve for r. Evaluate the result when a = 2.1, 

4r 

b = 2.8, c = 3.5,A = 29.4. 

5. V=5rr2a. Solve for a. Evaluate the result when V = 
46.9, r = 2.3. 

6. h^=2L^+c^+2a.'c, Solve for a'. Evaluate the result 
whena=18, b = 16, c = 31. 

7. b^^a^+c^— 2ac'. Solve for c'. Evaluate the result 
when a =14, b = 15, c = 16. 

8- C = f(F— 32). Solve for F. Evaluate the result when 
C = 25. 

9. w=7-*p. Solve for h. Evaluate the result when 

h 

w = 150, 1=162, p= 100. 

10. A = Jh (b+b'). Solve for h. Evaluate the result when 
A = 96, b=18, b' = 6. 
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11- j^+§r(a+b+c). Solve for jl Evaluate the r^ult 
wben A=27.714, r=2-3095, p=8, c=8. 

11. A=§(2a'R+2rr)s. Solve for r. Evaluate the r^ult 
when A=439-824, R=10f s=10. 

h i IT 

13. V=yr* — - — . Solve for H- - Evaluate the result when 

\=22i6, r=8, h=6. 

E 

14. C = =r — , Solve for R. Evaluate the result when C = 

R4-r 

10,E=120,r=1.6. 

UV 7 

16. F= . Solve for V. Evaluate the result when F=l7, 

u-fv *' 

u=3. 



Exercise 108 

1. a times a number increased b3" & equals c. Find the num- 
ber, 

2. m times a number decreased by n equals p. Find the 
number. 

3. There are three numbers whose sum is «, The jsecond 
is a times the first, and the third is h times the first. Find the 
three numbers. 

4. Divide m into two parts so that one is r more than the 
other. 

6. Divide m into two parts such that one is r times the other. 

6. The perimeter of a triangle is p. The first side is a less 
than the second, and the third is 6 times the first. Find the 
three sides. 

7. The perimeter of a rectangle is p. The length is a more 
than b times the width. Find the dimensions. 



PROBLEMS INVOLVING LITERAL EQUATIONS 159 

8. The supplement of an angle is a times the complement. 
Find the angle. 

9. The sum of the complement and the supplement of an 
angle is b° less than a perigon. Find the angle. 

10. The ratio of an angle to its complement is - . Find the 
angle. ^ 

11. The length of a rectangle is a more than its width, and 

2(1 
the ratio of the length to the width is — . Find the length. 

b 

12. The diflFerence of the squares of two consecutive num- 
bers is a. Find the numbers. 

13. Divide a into two parts in the ratio — . 

c 

14. An alloy contains a parts of tin and b parts of copper. 
How many ounces of each in m oz. of the alloy? 

16. The sides of a rectangle are in the ratio — ,and the per- 
imeter is p. Find the dimensions. ^ 

16. If a men can do a piece of work in n days, how long will 
it take b men to do it? 

17. If a men can build n rods of fence in a given time, how 
many can b men build in the same time? 

18. If the volume of a gas is v cubic centimeters under a 
pressure of a, find the pressure when the volume is v\ 

19. The volume of a gas is v cubic centimeters when the 
absolute temperature is d. Find the temperature when the 
volume is v'. 

20. A pulley whose diameter is a is belted to another whose 
diameter is b. If the R. P. M. of the second is c, find the R. P. 
M. of the first. 
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Quadratic Literal Equations 

Example: Solve for x: -r;^ — w+l k~ — 

ao "~" D a "~"aD a 

ax* , bx* V'c* _ 

\ — ; r\ = Why? 



b(a— b) a(a— b) a 

a*x*+b«x« = b«c»(a-b) Why? 
xKa*+ b«) = b»c»( - b) Why ? 



._bV(a-b) 



^=-^tw" ^y' 



-V ~iH 



^^ Why? 



+b* 

NOTE: The result is left as the indicated square root because the 
value of X? is not a perfect square. 

Exercise 109 

Solve for x: 

1. 3in2x2+3m* = 7in*-mV 

2. ax2--b = c 

3. (inx~n)2+(mx+n)2=10n« 

4. (x-r)(x+s) + (x-s)(x+r)=2(r2+rs+s*) 
x2 8 



6. 



6. 1-t 



x2-2c 3 

5x+2a 2a 



7. 



8. 



3x a—x 

x^— ac—d 
x2+a~"c+d 

m n 



n— x^ m— x^ 



x+2y x-2y ^ 
"' x-2y"^x+2y 



10. 



4x2 6b 10x2+1 



x2+3b 2x2+6b 3x2+9b . 
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Exercise 110. Formulas as Quadratic Literal Equations 

1. A = 37T*. Solve for r. 

2. V = «T^. Solve for r. 

3. c2=a2+b2. Solve for a. 

4. S=§gt^ Solve for t. 

6. A= . Solve for D. 

4 

6. b2 = a2+ c2+2a'c. Solve for a. 

7. a2+b2=2/'^y+m2. Solve for m. 

8. E=^^. Solve for V. 

2a 

9. V = irir . Solve for r. 

2 

10. a2+b2=2/''V+m2. Solve for c. 



a*+b«=2Q 



Exercise 111 



1. Find the hypotenuse of a right triangle whose sides are 
3a and 4a. 

2. Find one side of a right triangle whose hypotenuse and 
other side are respectively 3c and 56. 

3. Find the diagonal of a square whose side is s. 

4. Find the side of a square whose diagonal is d. 

6. Find the sides of a rectangle whose diagonal is d if they 
are in the ratio -. 
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Quadratic Literal Equations Solved by Factoring 

155 Many quadratic literal equations may be solved by the 
method explained in Art. 141. 

X 7 b X 

Example : Solve forx:;rr— t7J = i :^t: 

3b 12 4x 6b 

x_ 7 __b _ x^ 

3b 12 "■4x 6b 

4x2 _ 7bx = 3b2 - 2x2 ^hy p 

6x2-7bx-3b2 = Why? 

(3x+b)(2x-3b) = Why? 

. 3x+b = 2x-3b = 

-b 3b 

x = -3- or x=^ 



Exercise U2 



Solve for x: 
1. 



y2^X2 



^ x2 3a 

^- 2-a-^=2- 

• x^ « 8rx 



4. 



6(x— m) mx 



5 x+m 



. X , b 27b2 



6. 



7. 



x-3b ' x-2b x2--5bx+6b2 

X ^ 6 

a(a— x) 7(x+5a) 

9(x— 3a) _ X— a 
4(x— a) ""x— 3a 



x~m , 1 2x — 5m 

8* "o A I A Ol 



x^— 4mx+4m2 x— m 2x2 — 6mx+4m2 
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Quadratic Literal Equations Solved by 
Completing the Square 

156 Quadratic literal equations which are not readily put into 
their factored form, may be solved by completing the square 
using the same method as used in numerical equations explained 
in Art. 133. 



Example : Solve for x : 



5x 



20 



a2+3ab+2b2 x+2b 



5x 



20 



a2+3ab+2b2 x+2b 

5x2+ lobx = 20a2+60ab+40b2 
x2+2bx = 4a2+ 12ab+8b2 
x2+2bx+b2=4a2+12ab+9b2 
x+b==t(2a+3b) 

x = 2a+2b or -2a -4b 



Why? 

Why? 
Why? 
Why? 
Why? 



Exercise 113 



Solve for x: 



1. 
2. 
3. 
4. 



ax2+2bx = 



8W 
a 



m^ — 2am^ __ bm^ 
2a+b ~"T~ 
4x a+b 



b — 5a X— 3a 
x2-3ax-l+3a 







6. 
6. 
7. 

8. 



x^- 4a2 



= x+2a 



r2_ 



2m +1 2mx 



n^ 



2 2x . 

x^ r = 4 • 

ab 



n 
ab-1 



ab 

9a2+3ab . b 

c 



^^=- — i^i_r+r . X 



9. 4m^x^ — n^=4:m.^x—Tn^ 
10. (m2+n2)x2+2(m2+n2)x+^25^^2y = o 

157 In numerical quadratic equations, it is always possible to 
express the results without the radical sign (See Art. 133, Ex- 
ample 2). In literal quadratic equations, it is sometimes 
necessary to leave the results in a form involving radicals. 
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For example: 

x2+2ax+a2 = b8 __ 
x+a= =*= Vb' 
x= =fc Vb'— a 

These radicals should be expressed in their simplest form. 

158 A radical is said to be in its simplest form when: 

1. The expression imder the radical sign contains no numeri- 
cal factor. 

2. The expression under the radical sign contains no factor 
which is a perfect square. 

3. The expression imder the radical sign is not a fraction. 

Example 1: Simplify V5a 

V 5a= =fc 2.2361 V a (See Art. 121) 



Example 2: Simplify V 12a^b8m2+48a^b3mn+48a^bW 
V 12a^b3m2+48a^b3mn+48a6b3n2 = 
V 12a^b3(m2+4mn+4n2) = 



V4 . 3a*b2(m+2n)2 . Vab = 
2 . 1.7321a2b(m+2n) Vab = 

=t3.464a2b(m+2n) V ab (See Art. 121) 



Example 3: Simplify 



/3a^^ / 
V 5m2n^ V 

V 



.. /3a^ 



3a5b3 5n 

(See Art. 123) 



Sm^n^ 5n 



15a^b^n 
25m2n« 

15a^b^ 
25m2n6 

3.87a^b 
6mn^ 



V abn (See Art. 121) 



Vabn 



Simplify: 



SIMPLIFYING RADICALS jgS 

Exercise 114 



1. V48aV 



2. V 192a3x'^ 



16. 7_i5!y!_ 

V a2(a-b) 

16 A-b 

3. V12(a-x)ys /''• V^^ 

*• V^2(x-y)2(a+b) 17. 4/7^ 

V c^ 



-^ 



18- i/r-,+ 1 



6. V(a-b)8(x+m)2(y-z)5 

6. V3x2-6xy+3y2 

7. VlVb'^ 19. ^1+-^ 

Q /a— X «^ /a c 

_____ V b^a-2b 

V x-y 
11. ^ 



y x+y 



Om'x" - 30m»xz + 25m»z' ' jg 



-v^ 



12. ' 3'"''^' 
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Example: Solve for x: ax^— 3x = 9 

ax2-3x = 9 

x2-~=- Why? 

a ia, 

a 4a^ a 4a^ 4a^ 



3 =. / 

-2-8.= ^V 



36a+9 
4a2 



^-2^= "2l^^*+l 



'^=2i=^2i>^4^+l 







X 


3 = 


:±=3V4a+l 
2a 








Exercise 115 


Solve for x: 








1. 


4x2— 4ax = b2m- 


-a2 




2. 


9bx(bx- 


-2) = a3- 


-9 




3. 


x— 3m 

m-8 


3m2 
4x 






4. 


x2 1 
a ab 


= 2x— a 






6. 


(3x+2m)2 = ^ 







^ a(2xH-l) 1 b+ax 



7. 



8. 



12b ' 4 3b 

c2(x-l) c^b a^ 



6x-9b x+1 (x+l)(6x-9b) 

a— bx^ __b 

8dmx+16dm2+c~d 



9. 



10. 
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x+10ny_m--n 25ny 
m— n ~ X mx— nx 

1 6by 27m3 9bV 



(a— b)2 a^x — 2a^bx+ab2x aV a^x2(a— b)^ 
The Quadratic Formula 

159 All quadratic equations can be arranged in the form 
ax2+bx = c. The solution of this equation is as follows: 

ax2+bx=t; 

x2+ — = - Why? 

a a ' 

„ , bx , b^ b^ /c „„ ^ 

X^H hT-2 = r-2+- Why? 

a 4a^ 4a^ a 

^a^4a2 4a2 ^""^^ 



b^ =fcVb^+4ac 
^■^2a" 2a 



-b=*= Vb^+4ac 
^" 2a 

Since this equation represents every quadratic equation, the 
result may be used as a formula for solving any quadratic 
equation. 

Example 1: Solve by the formula: 



2x2+x-6 4x-6 ' x+2 

^+(2^r=^K3H^)"2(2x-3)+^H^ . ^^• 

3.2(2x-3)(x-2) + 15.2=3(x+2)+2(2x-3) Why? 

12x2+6x-36+30 = 3x+6+4x-6 Why? 

12x2-x = G Why? 
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Evaluating the formula x= ^ for a =12, 

b=-l,c = 6. ^^ 



x = 



.H-l^V 1+4. 12-6 



2-12 



1='=V289 
'^ 24— 

_1±17_18 -16 
^~ 2i "24°'" 24 

3 -2 



Example 2: Solve by the formula: 

X a . a^ 



f-7^£V=0 



3 6m ' 2m3x 

2m3x2 - am2x+3a2 = Why? 

2m3x2 - am^x = - Sa^ Why ? 



Evaluating the formula x = 

for a = 2m^; b= — am^; c= — 3a^ 



^ -(-am^)=fc V(-am^)^+4»(2m^).(-3a^) 
^ 2.2m3 



^y • 


am^ 


=*= Va^m^- 


- 24a2m3 


A • 


am*: 


4m^ 




^r • 


=fcamVm2- 


-24m 


A. • 




4m« 





am=»=aVm2— 24m 
X ^ 

4m2 
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Example 3: Solve by the formula: 

x+5 x-5 3x2 



x-6 x+5 x«-25 




(x+5)«-(x-5)«=3x* 


Why? 


x*+ lOx + 25 - x«+ lOx - 25 = 3x* 


Why? 


20x=3x* 


Why? 


3x»-20x=0 


Why? 


v=-(-20)*V(-20)*-4.3.0 





23 



20 ± V 400+0 

X= r- 



20=^20 40 

x=6f or^O 

NOTE: If a quadratic equation after being simplified lacks a term, 
then the coefficient of that term is zero. 

Exercise 116 

Solve by the formula: 
1. (x-2)«-(x-7)^=50 ^ JL=i2+ 1 



1-x *• ' l~x2 
. x+2 _7_4— x _ X— 7a_ a 



x-1 3 2x 3a+4b x-7a 

x--3b 4a ex a^ Qb^m a 

• x-a ~x+3b 3a"^12cx""l2acx"'"3 



8. 



9. 



X-1 ' 5(20x2 -37x+ 17) 20x-17 

x-1 ^ x+1 1_ 

6x2+6x-36 3x+9 2x-4 
x2+3x+9 x-3 x-3 



72x2+66x-30 12X+15 12x-4 
10. (5x+4)(x-2)+(llx+7)(x-3)= -30 
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Exercise 117 

1. The length of a rectangle is a more than its width and the 
area is b. Find the dimensions. 

2. The product of two consecutive numbers is m. Find 
them. 

3. The sum of the squares of two consecutive nimibers is s. 
Find them. 

4. The difference of the squares of two consecutive niunbers 
is d. Find them. 

# 

5. The h3rpotenuse of a right triangle is c and one side is m 
more than the other. Find the sides. 

6. The diagonal of a rectangle is d and its length is a more 
than its width. Fina the dimensions. 

7. The sum of the squares of three consecutive numbers is n 
Find the numbers. 

8. The sum of the areas of two squares is s and the side of 
one is n more than a side of the other. Find the sides of both 
squares. 

9. The length of a rectangle is a more than b times its width. 
The area is A. Find the dimensions. 

10. Divide n into two parts whose product shall be p. 

11. The square of the larger of two consecutive numbers 
is d more than twice the smaller number. Find the numbers. 

a 

12. The side of one square is r times that of another, and 

the sum of their perimeters is 96. Find the sum of their areas. 

18. The perimeter of a rectangle is p and its area is A. Find 
the dimensions. 

14. The area of a circle is 3.1416A. Find the radius. 

16. The sum of the areas of two circles is 6 and the radius of 
one is a more than the radius of the other. Find the radii. 
Use 7 as a general number throughout the problem. 



CHAPTER XII 
MISCELLANEOUS EQUATIONS 

Equations Solved like Quadratics 

160 Any equati6n that can be reduced to the form ax2«»+bxm = c 
can be solved by the methods used in solving quadratics, for 
ax2m+bx"' = c may be expressed a(x™)2+b(x™) = c and may be 
solved as a quadratic in which the unknown is x°^ . 

Example 1: Solve: 2x* +x^ = Q 

2(X2)2 + X2 = 6 

-b=*=VbH4ac 
Evaluating the formula x = oT 

for x = x^ a = 2, b = l, c = 6 



x2 = 



-1=*= Vl+4.2.6 
2-2 

x = =fc^^ or =fc V"^ 
X =±1.225 or =fc V^ 

Observe: 

I. By solving the equation as a quadratic, two quadratic 

3 

equations are obtained x^=-,x^=—2 and the solution of these 

gives 

x= +1.225, -1.225, +V^, -V^ 

II. A fourth power equation has four values of the unknown. 

III. The square root of a negative number can not be found 
(see note Art. 113) and therefore two of these results (=*= V -2) 
are of no practical use. Such numbers are called imaginary 
numbers. 

171 
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Example 2: Solve: x«-7x3-8 = 

(x3)2-7x« = 8 



Evaluating the formula x = =^ 

for x=x', a = l, b = — 7, c = 8 



. -(-7)d=V(-7)^+4.1.8 



2.1 



x3=^-^ = 8or -1 



x = ^8or ^-1 
x=2or-l 

Observe: 

I. By solving as a quadratic equation, two equations are 
obtained, x^ = 8 and x^= — 1. 

II. These two equations are solved by extracting the cube 
root of both members. 

III. ^"8= +2 because (+2)8 = (+2)(+2)(+2) = +8 
^"^=-1 because (-1)3=(-1)(-1)(-1) = -1 

NOTE: A sixth power equation will always have six values of the 
unknown but in problems of the form of example 2, the other four contain 
imaginary numbers and hence may be disregarded in practical problems. 



Exercise 118 
Solve for x: 

1. x*+ 108 = 21x2 

2. . 12(x4-x2+l)-5(x2+2)=0 

3. x3(|+2)+2(x3-^) = | 



4. 



x^+4 ^ 31 
3 30-x3 
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5. . ^+5(5=3) =0 
x+3 4x* 

6 2 5 

3x2+2^xHx«-3)"" 

x^. 4(x^-a^b^) x^ 
a*b* a«b2 ^a^b^""""^ 



8. 



9. 



x^ — 2m* 7mx 



m^x* x*+2mV+4m* 
3 2 



8x«+24a3x»+10a« 8x«~5a»x3+4a« 



10(3x^+m^) 2 25 1 



m2x2 ' m* x^ 3x2-m2 . 

Equations Containing Radicals 

161 A radical equation is one which contains one or more indi- 
cated roots of expressions involving the unknown. 

Example 1 : Solve : V x = 3 

X = 9 (squaring both members) 
Note. (Vx)2 = x. (See Art. 113.) 
Example 2: Solve: Vx-7-x+9=0 

Vx^-x+9=0 

Vx-7=x-9 Why? 

X — 7 = X* — 18x+81 (Squaring both members) 

x2-19x=-88 Why? 

19=t V 361 -352 
x= 

2 
x=i^ = llor8 



Check: V 11-7-11+9=0 V8-7-8+9=0 

2-11+9=0 or 1-8+9 = 

0=0 2=0 

Does not check 
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Observe. 

I. An equation of the form V x = a may be cleared of its 
radical sign by squaring both members. 

II. The equation must be arranged so that the radical stands 
ahne in one member before squaring, 

III. All values of the unknown may not check in the original 
equation. This is due to the fact that when both members of an 
equation are squaredy new solutions may be introduced and it is 
necessary therefore to retain only those values which check in the 
original equation. 

Exercise 119 



Solve and check: 


6. 




1. Vx=2 


x+Vx2+3 = l 


2. Vx=x-2 


7. 


Vx2+4x+9=xH 

1 f t A c\ i rk 


3. Vx+1 = 3 


8. 


V5x2— 4 = 2x+3 


V , *\ 


9. 


Vx+2 x-1 


4. Vx+3 = V^ 


6 3 




10. 


V x2+9 V X 


6. 8-Vx-l = 6 


5 2 



162 If equations contain more than one radical, a knowledge of 
addition, subtraction and multiplication of radicals may be 
necessary for their solution. 

Addition and Subtraction of Radicals 

163 Similar Radicals are those whicli differ only in their co- 
efficients. 

16 Ji- Only similar radicals can be combined. 

Example: 2 V3-5 V3+7 V3=4 V3 

a V b'+c V b'-d Vb= (a+c-d) Vb 

V"l2+ vl8+2 V^- VT5 = 

2 vT+3 V"2+6 V 3"- 5 V 3"= 3 V"3+3 V^ 
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Exercise 120 

Combine: 

1. V^- V'32 

2. V 20- VT+ V45 

3. 5VI-2V27 

4. 2Vf+V48-V72 

6. 3VT8-2V50+2Vl8-5V'2 

6. Vf+V|+V| 

7. V|+Vi+V^ 



8. V2a+V8a--i V27a 



9. 2 V a^m^- V a^+3 V am* 
10. Va^bH^H- V aHa^ 



11. V2x+1- V2x+V8x+4- V8x 

12. v1m+ V 8x- V"T8x+ Vx2 

Multiplication of Radicals 

165 By Art. 121, the product of two square roots is equal to the 
square root of their product. 

Example 1: 2V2 . 4 V3'=8 V'6 
Example 2: V a • V x • V x+ 1 = V ax^+ax 



Examples: 3 Vx+1.2 Vx-2 = 6Vx2-x-2 
Example 4 : (2 V2+3 v"3x) (5 V2 -4 V3x) = 

2V2+3V3X 

5V"2-4V3x 



20 +15V6X 

- 8V6x-36x 
20 + 7V6x-36x 



Examples: (2 Vx-3 Vx-1)2 = 

(2V^)^-2(2V^)(3V1^1) + (3V5^1)' = 



4x-12Vx2-x+9x-9 = 13x-12Vx2-x-9 
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Exercise 121 


Multiply: 


1. : 


2 V 15.3 V 5 


2. . 


8V12a.3V24ab 


3. 


(V5+V10)V5 


4. 


(Vx+Vx+2)Vx 


6. 


(Vx+3+V3x-4)V3x-4 


6. 


(V3-V2)(V3+V2) 


7. 


(Vx+Vy)(Vx-Vy) 


8. 


(V12+2V2)(V27-V18) 


9. 


(a+Vb)(a-3V'b) 


10. 


(V3+V5+4V2)(2V3-3V5) 


11. 


(V3-V5)2 


12. 


(4-3 V 2)2 


13. 


(5V5x-3V3y)2 


14. 


(Vx-Vx+y)2 


16. 


(3Vm+n-2Vm-2n)2 




Radical Equations Continued 


Examp" 


le: Solve: 




2+V2X+7- V5x+4 = 



2+V2x+7= V5x+4 



Why? 



4+4 V 2x+7+2x+7 = 5x+4 (squaring both members) 

4V2x+7 = 3x-7 Why? 

32x+ 112 = 9x2-42x71-49 (squaring both members) 
9x2 -74x- 63 = ^hyP 

x = 9 or —J 
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Check : 



2+ V 18+7- V45+4 = 2+ V - Y+7- V -¥+4 =0 

2+ 5 - 7 =0 or 2+ } - | = 

0=0 4=0 

Does not check 
/.x = 9butx?^— J 

NOTE: The sign ^ means does not equal. 

Observe that if an equation contains more than one radical, it 
should be arranged so that the most complex radical stands 
alone in one member before squaring. 

Exercise 122 

Solve for X and check: 



1. Vx+4 = 3-Vx 



2. V2x-7+V2x+9 = 8 



3. Vx— Vx— 3 = ^=' 

Vx 



4. V8X+17- V2x= V2X+9 



6. V3x+7- Vx+l~2Vx-2=0 

4x+l 



6. 2V5x- V2x-1 = 



12 



V2x-1 



7. =Vx^+8+x 

Vx2+8 



8. Vx-m2~ Vx+7m2+ Vx+2m2=0 



9. 3 Vx3+17-2V 5x3+41+ Vx3+1 = 
10. ^^= " 



Vx+1 x-1 
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Factor Theorem 

166 Equations of a higher power than a quadratic can not always 
be put in the form ax^^^+bx =c. In that case they can not 
be solved by the quadratic formula. By Article 136, if such 
an equation can be expressed in its factored form, it can be 
solved by placing each factor equal to zero and by solving each 
equation thus formed separately. For example: 

x3— x^— 14x+24 = can be solved if it can be discovered 
that 

x3-x2-14x+24=(x-2)(x-3)(x+4) 
Then (x - 2) (x - 3) (x+4) = 

x = 2, 3, -4 

167 The solution of such equations then requires the ability to 
factor such expressions. This is done by the principle called 
the Factor Theorem, 

Let it be required to solve x*— x'— 7x2+x+6=0 

Evaluating the equation forx=+l, 1 — 1—7+1+6 = 

= 

x = + 1 checks the equation. Therefore x — 1 must be one factor. 

Evaluating the equation forx=— 1, 1 + 1 — 7 — 1+6 = 

= 

X = — 1 checks the equation. Therefore x + 1 must be one factor. 

Evaluating the equation forx=+2, 16-8-28+2+6 = 

•-12?^0 * 

x=+2 does not check the equation. Therefore x — 2 is not a 
factor. 

Evaluating the equation for x = - 2, 16+8 - 28 - 2+6 = 

= 

x= — 2 checks the equation. Therefore x+2 is one factor. 
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Evaluating the equation for x= +3, 81-27-63+3+6 = 

= 

x= +3 checks the equation. Therefore x— 3 is one factor. 

The four factors of x*— x^— 7x2+x+6 are, therefore, 
(x-l)(x+l)(x+2)(x-3), andx = +l, -1, -2, +3. 

Observe that the numbers used for evaluating the equation 
are factors of 6. 

168 Factor Theorem: If an expression involving x becomes zero 
when evaluated for x = a, then x—a is a factor of the given ex- 
pression. 

Example 1: Solve: x3+2x2-12x-9=0 

The only numbers which are likely to reduce the expression 
to zero are =^1, =*=3, =*=9. Of these +3 is the only one which 
checks the given equation. Dividing the given expression by x — 3 
shows that (x-3)(x2+5x+3) are the factors of x3+2x2-12x-9. 

Therefore (x-3)(x2+5x+3) =0 
x-3 = x2+5x+3 = 

or 
x = 3 x2+5x =-3 



-5=t V25-12 
x= 



-5± V13 
x= 



Observe: 

I. If all the factors can not be discovered by the factor 
theorem, tht remaining factor can be found by dividing by the 
known factors. 

II. If the remaining factor produces a first or second power 
equation, it can be solved by methods already shown. 
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Example 2: Solve: 4x<+4x8-17x2-9x+18=0 

The only numbers which are likely to reduce the expression to 
zero are =*=1, =*=2, =*=3, =*=6, =*=9, ±18. Of th^e +1, and — 2are 
the only ones which check the equation. 

Therefore (x-l)(x+2)(4x2-9) =0 
x-l=0 x+2 = 4x2-9 = 

or or 

x = l x=-2 4x2 =9 

X2 = | 



• 

• Y— 1 —9 =fc J- 


x=-| 


Exercise 123 




Solve: 




1. x3+2x2-5x-6=0 





2. x3-2x2-5x+6 = 

3. x3-7x+6 = 

4. x8-7x-6 = 
6. x^-2x2+l=0 

6. 9x4+4 = 13x2 

7. 2x3-3x2-39x+20 = 

1 

®' "" ■^"X2 + X + 1 

x2 4+x. 



9. 



4— X x2 — 1 



10. x2-x+4+Vx2-x+4 = 2 
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11. x2~7x+ Vx2-7x+18 = 24 

12. x3~3ax2+3a2x-a3=0 

13. x'-ax^+bx^+x^-abx-ax+bx-ab^O 



14. 



4*l)'-4^l)-l 



28 



15. V3x^-16x+21= -3 

V3x2~16x+21 



Quadratic Equations Continued 

169 Literal quadratic equations may have more than one term 
containing respectively the first and second powers of the un- 
known. In such cases, it is necessary to express the equation 
with polynomial coefficients before evaluating the formula. 

Example : Solve for x : 2x2 + bx + a^ = ab + 3ax 

2x2+bx -3ax = ab-a2 
2x2+x(b-3a) = ab-a2. 

Evaluating the formula for a = 2, b = b— 3a, c = ab—a* 



_ ~(b~3a)=fa V(b--3a)2+4'2-(ab-a^) 
^~ 2-2 



-b+3a=4= Vb2-6ab+9a2+8ab-8a2 
X = ■ z 



_ -b+3ad= Vb2+2ab+a2 
^" 4 

-b+3a=t(b+a) 



x = 



4 



-b+3a+b+a -b+3a-b~a 
^ 4 ^^ 4 

a— b 

x = a or — TT- 
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Exercise 124 
Solve for x: 

1. (a-2)x2-ax=-2 

2. 2x2+(3a-8b)x=12ab 

3. x^— ax— bx+ab=0 

4. a— x*=(l— a)x 

6. b(x~b)+a(x~a) = 2(x-a)(x-b) 
6. (l-c2)(x+c)=2c(l-x2) * 



7. V8inn+x(m — 2n)—4n = x 
(x2+l)(a-b) 2a2+2b2 



8. 



9. 



a+b 
m+n 1 



X— m mn n— x 



x2 2b 



"• a+b+a^-b^ ~a-b 

Exercise 126. Formulas as Quadratic Literal Equations 

1. S = |gt2+ vt. Solve for t. 

2. b2 = a2+c2+2a'c. Solve for c- 



— b=*= vb^+4ac. „ , i? i_ 

3 . X = ^ Solve for b. 

2a 



4. V = |a(b+b'+Vbb'). Solve for b. 



6. . x= Vr(2r— V4r2— s^). Solve for r. 



6. X = V r (2r - V 4r2 - s^) . Solve for s. 



CHAPTER XIII 

SIMULTANEOUS EQUATIONS 

170 In problems where several things are to be found, it is often 
convenient to make use of more than one unknown. For 
example: the sum of two numbers is 29 and one of them is 8 
more than f of the other. Find the numbers. 

Let X = one number 

y = the other number. 



then 



fx+y =29 
Ix =|y+8. 



171 If a series of equations containing two or more unknowns 
can be checked by the same set of values for the unknowns, 
they are called simultaneous equations, 

172 If two simultaneous equations can be combined in such a 
way as to produce one equation containing one unknown, they 
can be solved. This has already been done in solving formulas 

(Art. 125). For example: 

F=lid+i (1) 
d = lf (2) 

F=l2 • Is + 8 

F=H 

Observe that by substituting the value of the unknown in 
equation (2) for that unknown in (1), an equation containing 
only one imknown is obtained. 

This same method can be applied to problems where the actual 
value of one unknown is not given. 

183 
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Example 1: Solve: < ^ o /J 

I y= x-3 (2) 

2x = 3(x - 3) +5 (substituting x -3 for y in (1) ) 
2x = 3x-9+5 

x=4 

y=x~3=4-3=l 

173 This method of solving simultaneous equations is called 
svbstitution. 



Example 2: Solve: 



x-y x-y 

[4x-3y = 23 



/5y — 3x= —9 (simplifying (1) ) 
\4x-3y = 23 

y = — = — (solving (3) for y) 
5 

„/3x — 9\ no , t^ . . 3x-9 
4x - 3 ( — ^ ) = 23 (substituting — - — 



(1) 

(2) 

(3) 
(2) 



for y in (2) ) 



20x — 9x + 27 = 1 1 5 (clearing of fractions), 
llx =88 Why? 

X =8 Why? 

3x-9 24-9 

y =— ^— = 



Check: 



Check in equation (1) : 



5 

'8+3 
8-3 



= 3 



=4 



8-3 



Check in equation (2) : 



11 ^ 9 

11=11 
5 5 

f4-8-3-3 =23 

32-9 =23 

23 = 23 



SUBSTITUTION 
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Example 3: Solve : 



J 



f3x=2y+22 



x^lO 

4 y 



{ 



3x=2y+22 

xy=40 (simplifying (2) ) 

40 



(1) 
(2) 

(3) 



X = — (solving (3) for x) 

•7 

-40\ 



40 



3( -r ) = 2y +22 (substituting — for x in (1) ) 



120 = 2y2+22y 
y2+lly-60 = 

(y+15)(y-4)=0 

y= — 15 or +4 



Why? 
Why? 



_40_ 

"""y'-lS 



40 40 
or 



.•.x=-|, y =-15 
Check: 

Check in equation (1) for 
x=-f, y=-l5 



+4 
or +10 
or x = +10, y=+4 



3(-f)=2(-15)+22 
. -8= -30+22 
-8= -8 



fzl=Jo_ 

Check in equation (2) for I 4 — 15 
x=-f, y=-15 



2 

3 



2 

3 



Check in equation (1) for 
x=+10,y=+4 

Check in equation (2) for 
x=+10,y=+4 



'3 (10) =2-4+22 
30 =8+22 
30 =30 

10^10 
t ""4 
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Observe: 

I. In checking simultaneous equations, the values must 
check in each equation. 

II. When each of the unknowns has more than one value, the 
corresponding pairs of values must be used in checking. In 
Example 3, x= — f , y=4 would not check. 

174 "RJTLE: Simplify each equation. 

Solve one of the equations for the tmknowns, and substitute the value 
obtained for that unknown in the pther equation. 



Exercise 126 



Solve and check : . 

^ r2x+3y = 26 
I- \x-5y = 



2. 



4. 



9. 



[3y = 5x-18 



y= 



2x 



;m = 2n+3 
^' ^m = 7n-12 



= 3+ 



f 2x+y 

4x-y 
x^l 

ly 3 

f p+q-2 _ 

p-q 

3p+q-3 
I 2q-p 



4x-y 



1 
3 



11 



6. 



6. 



7. 



8. 



10. 



^=2 

s 



[10+s 3 

y 6 

x+y = 15 
xy=56 

a^b 3 



26 _ 7x-y-3 



x+y x-y 

x+2 

y+9 



x'-y* 



x+8 



= 1 



y+11 



SUBSTITUTION 
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Exercise 127 



Solve and check: 



1. 



2. 



8. 



f 

x_ 

y 

< 


_4 
3 


X 


1 


[65-y- 


17 


fx*+y* 
4 ' 


2 
"9 


x+y = 


=0 


x«+y«= 


13 
36 


x-y= 


1 
"6 



*• \ x-y=l 

^ / xy+ 3 = 10 

5. \x2+y2-10 = 



6. 



7. 



8. 



9. 



/x2-y2-9 = 
\ xy-12 = 

'x2+y2 = 90000 
x = yV3 



Vx2-21=-2y 
y = x-6 



2 

X 



=y 



X 



ly 



65 

8 



10. I 6-7y*-x« 
.2x-l=y 



Exercise 128 



Solve and check: 
^' lx-y= 



=s 
d 



2. 



a-1 



a+1 
x+y 



6. 



I 2 



= a 



6. 



_ , mg — mf = T (Solve for T and f.) 
^- ^ T = nf 



x2+y2 



= 13 



4. \ 



m2+l 

[ x+l = 5m-y 

sx— r* = rs— ry 
x-r = s+y 



x~y 
m^— n^ 



= 2 



— -3n = 3m-5^ 
m n 
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7. 



8. 



fy_ 2b 

a X— a 
X 2a 



lb y-b 

2x-b _ 3x~y 
a a+2b 

2x-b _ a-2y 
a b 



r ay=ac+x(b-c) 
la— c)v = b(x— c)+a(a— 



m 



10. 



n 
c = - 

y 

n m , 

-= — he 

X y 



Special Cases of Simultaneous Equations 

175 The four principles used in solving equations containing 
one unknown are: 

1. // equals are added to equals, the results are equal. 

2. // equals are subtracted from equals, the results are equal, 

3. // equals are multiplied by equals, the results are equal. 

4. // eqimls are divided by equals, the results are equal. (See 
Art. 15.) 

These principles can be used also in combining simultaneous 
equations. For example: 



5x+3y=17 
4x-3y = 10 

9x = 27 (Principle 1) 
x = 3 



fx-l 
x+y 

x+y 



= 2 



= 1 



x-1 

X 



= 2 (Principle 3) 



r5x+3y=17 

\4x+3y = 8.^ 



X = 9 (Principle 2) 



:2~y2 = 8 
X -y =4 

x+y =2 (Principle 4) 
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Observe that these principles may be used : 

I. To cause one unknown to disappear (to eliminate one un- 
known) as in illustrations 1, 2 and 3. 

II. To produce a set of equations of simpler form as in illus- 

{Y_I_Y__2 fx^ ^^^ = 8 

■ . are more simple to deal with than< ^ 

x-y;=4 {x -y =2 



^ , , o 1 r3x-8y=19 
Example 1: Solve: j^^^g^^ _^ 



(1) 
(2) 

9x-24y=57 (Multiplying (1) by 3) (3) 

20x+24y=-28 (Multiplying, (2) by 4) (4) 



29x=29 


(Adding (3) and (4) ) 


• 


x=l 


* 




31-8y=19 


(Substituting x = l in (1) ) 




-By =16 


, ' 




y=-2 






.•.X 


= i,y=-2. 




Example 1 may be solved 


as follows: 




f3x-8y=l9 

l5x+6y=-7 




(1) 




(2) 


15x-40y=95 


(Multiplying (1) by 5) 


(3) 


15x+18y=-21 


(Multiplying (2) by 3) 


(4) 



- 58y =116 (Subtracting (4) from (3) ) 

y=-2 

5x+6( - 2) = - 7 (Substituting y = -2 in (2) ) 

5x-12=-7 

6x= 5 

x= 1 
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Check in (1) - 



3- l-8(-2) = 19 

3+16= 19 Check in(2) 
19=19 



l+6( 
5- 



-2) 
-12 

-7 



-7 

-7 
-7 



Observe: 

' I. In order to eliminate one unknown, it may be necessary 
to multiply the equations by such numbers as will make the 
coefficients of that unknown the same. 

II. Either unknown may be eliminated. 

III. After one unknown is found, the other is obtained by 
substituting the value of the one found in either of the given 
equations. 

176 This method of solving simultaneous equations is called 
Addition or Subtraction. 



Example 2: Solve: 



x+3y=-lj 
x-4j = 6y 



-li-3y = 



X 
X 

3y 
-6 



y= 



X 



- 1 2 - 3y (Solving (1) for x) 
6y+4| (Solving (2) for x) 

6y + 4 J (Each member = x) 

9y Why? 
-f Why? 
6(-f)+4^=-4+4| = i 

2 
3 



hy= 



fH3(-f)=-ii 



Check in (1) < 



2 -^ 



__il 



Check in (2) 






i 

2 
1 
2 



-4| 
~4 



1_ 



-1# 



6(-|) 

-4 

-4 



(1) 
(2) 
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Observe that — ij— 3y and 4^+6y are equal to each other 
because they are each equal to x. This principle may be stated 
as follows: 

If two quant-ties are equal to the same thing, they are equal to 
each other. 

177 This method of solving simultaneous equations is called 
Comparison. 

1? 1 o o 1 rx3-y«=127 (1) 

Examples: Solve: { . ;J 

[x -y = 1 (2) 

'x2+xy+y2=127 (Dividing (1) by (2) ) (3) 

x-y = l (2) 

Dividing equation (1) by (2) gives an equation which is 
simpler to deal with than (1). Equations (3) and (2) may be 
solved by the method of substitution. The following method 
also may be used in equations of certain types. 



x?+xy+y«=127 


(3) 


x*-2xy+y«= 1 (Squaring (2) ) 


(4) 


3xy = 126 (Subtracting (4) from (3) ) 




xy= 42 


(5) 


X«+2xy+y«=169 (Adding (3) and (6) ) 


(6) 


x+y=*13 Why? 


(7) 


X— y= 1 


(2) 


2x= 14 or -12 ' 




x=7or— 6 




y=6or -7 





.•.x=7, y=6 
x=-6,y=-7 

Check in (1) r343 -216 = 127 
x=7, y=6 \ 127 = 127 

Check in (2) f 7-6=1 
x=7,y=6 1 1 = 1 
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Iheck in (1) ( 
= -6,y=-7« 



Check 

X 



(-216) -(-343) = 127 
-216+343 = 127 
127 = 127 



Check in (2) 
x=-6,y=-7 



(-6)-(-7) = l 

-6+7=1 

1 = 1 

Observe: 

I. In order to obtain equation (7), a trinomial square was 
necessary. 

II. In order to obtain the trinomial square, equation (5) 
was needed to combine with (3). 

III. This method will apply only to problems where it is 
possible to obtain one or more equations in the form of a 
trinomial square. 

Exercise 129 

Solve and check : (Select the method which seems best suited 
to the problem.) 



1. 



2. 



3. 



4. 



rx+3y = 13 
\ x=7y-37 

'8x8-y«=271 
.2x-y= 1 

x8-27y3=35 
x2+3xy+9y2=7 

r3s-8t=-17 
\7s+6t=-15 



3x2+4y2=— 



6. 



7. 



5. 



x2-6xy+8y2=-- 

4 



X— 4y= — - 

^ 2 



4x+y=-- 



y-2x=+- 
7 



4x^— 5y^= 



144 



8. 



'6x2+ 8y2 = 54 

9x2-12y2= 9 
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9. < r "^ Check for the real value only 

\y3+8z3=189. ^ 

rx2+xy+y«=37 
^''- \x2-xy+y2=13 

Problems Involving Simultaneous Equations 

Example 1 : The difference between two sides of a right 
triangle is 7, and the hypotenuse is 13. Find the sides. 

Let x = one side. 

Let y = the other side. 

thenf x-y= 7 (1) 

\ k2+y2=169 (2) 

Solving x = 12, y = 5 

x=-5, y=-12 

Check r 12-5= 7 in (1) 

x=12, y = 5 \l44+25 = 169 in (2) 

Check r-5-(-12)= 7 in (1) 

x=-5,y=-12\ 25+144 = 169 in (2) 

NOTE : In problems where the negative values have no meaning, they 
may be discarded. 

Example 2: The ratio of two numbers is -^ and the sum of 
the numbers is 8 more than 4 times their difference. Find the 
numbers. 

' Let X = one number 
y = the other 

then ^=1 
y 2 

x+y==4(x-y)+8 
Solving x = 24. y=16. 
r2| = |in(l) 



Check: 



^24+16=4 (24-16)+8 in (2) 



194 SIMULTANEOUS EQUATIONS 

Exercise 130 

1. The sum of two angles is 66°, and their difference is 16°. 
Find the angles. 

2. The ratio of two angles is f-, and the ratio of their comple- 
ments is -J-^. Find the angles. 

3. The perimeter of a rectangle is 28, and the diagonal is 10. 
Find the length and width. 

4. The perimeter of one square is 6" more than that of 
another, and the sum of their areas is 37.25 sq. in. Find the 
sides of the squares. 

5. The R. P. M. of two pulleys belted together, are re- 
spectively 630 and 840, and one is 1" larger than the other. 
Find the size of each pulley. 

e. Two angles are in the ratio f , and they are supplementary. 
Find them. 

7. ' The perimeter of a rectangle is 46, and the area is 120. 
Find the dimensions. 

8. The area of a rectangle is 360, and the diagonal is 41. 
Find the dimensions. 

9. The R. P. M. of two meshed gears are respectively 560 
and 720, one has 8 more teeth than the other. How many 
teeth has each? 

10. The speed of the motor on a lathe is 1200 R. P. M., and 
the speed of the lathe when belted for low speed is 600 R. P. M., 
and when belted for high speed is 4200 R. P. M. The difference 
in diameters of the steps is 2", Find the diameters of the three 
steps on both pulleys. 

11. The difference of two numbers is ^^ and the difference of 
their squares is .^ Find the numbers. 
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12. The sum of two numbers is 1, and the sum of their cubes 
isf Find the numbers. 

13. The difference of two numbers is 2, and the difference of 
their cubes is 2. Find the numbers. 

14. A rectangular lot is surrounded by a walk 6 ft. wide. 
The area of the lot is 555 sq. yds., and of the walk is 224 sq. yds. 
Find the length and width of the lot. 

15. The difference of the areas of two squares is 2^, and the 
ratio of the areas is ^. Find the side of each square. 



Beam Problems 
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178 Suppose an I-beam 10 ft. long and weighing 800 lbs. is sup- 
ported at three points, A, B and C, as shown in Fig. 78. If 
the supports at A and B are removed, it is evident that the 
fulcrum is at C. If the supports at A and C are removed, the 
fulcrum is at B, and if the supports at B and C are removed, the 
fulcnmi is at A. If then there is more than one actual support 
about which the lever could turn if not in balance, any of these 
supports may be used for a fulcrum. 

179 Beam. A beam is a lever which has no one point about 
which it must turn. 
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Example: Two weights 640 lbs. and 360 lbs. are attached 
to a beam supported at the ends (Fig. 79). The supports at the 
ends carry loads which are in the ratio ^, Find the loads. 




360 



S40 3X 



Fig. 79 



1. Place the fulcrum at A. (Fig. 79.) Then (Art. 77) 
(+2x)(0) + (-360)(+4) + (-640)(+9) + (+3x)(+12)=0 

- 1440 -5760 + 36x = 

36x = 7200 
x = 200 
2x = 400 
3x = 600 

2. Place the fulcrum at B, (Fig. 79). Then (Art. 77) 
(+2x)(-4) + (-360)(0) + (-640)(+5) + (+3x)(+8)=0 

-8x +0 - 3200 +24x = 

16x = 3200 

x = 200 
2x=400 
3x = 600 

3. Place the fulcrum at C. (Fig. 79.) Then (Art. 77) 
(+2x)(-9) + (-360)(-5) + (-640)(0) + (+3x)(+3)=0 

-18x + 1800 +0 +9x = 

-9x=-1800 
x = 200 
2x = 400 
3x = 600 
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4. Place the fulcrum at D. (Fig. 79.) Then (Art. 77) 
(+2x)(-12) + (-360)(-8) + (-640)(-3) + (+3x)(0)=0 
-24x + 2880 + 1920 +0 = 

-24x= -4800 
x = 200 
2x = 400 
3x=600 

Observe: 

I. The same result but not the same equation is obtained for 
each position of the fulcrum. 

II. The leverage of any force at the fulcrum becomes zero. 




Fig. 80 

5. Place the fulcrum at a point where there is no force ap- 
plied, as at the middle point. (Fig. 80.) Then 

(+2x)(-6) + (-360)(-2) + (-640)(+3) + (+3x)(+6)=0 

(Art. 77) 

-12x + 720 -1920 +18x = 

6x = 1200 
x = 200 
2x = 400 
3x = 600 

Observe: 

I. The same result is again obtained. Hence, 

II. The fulcrum may he placed at any point. 
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180 Beam problems often arise in which two or more of the 
forces or arms are miknown, making it convenient to use simul- 
taneous equations. In that case one equation is obtained by 
applying the Law of Leverages (Art. 77), and the other by apply- 
ing the Law of Forces. 

Suppose two men are carrying a weight of 150 lbs. by means of 
a pole on their shoulders. It is easily seen that the upward forces 
together must equal the downward force. x+y = 150. (Fig. 81). 



f ] ] 



/SO 

Fig. 81 

181 Law of Forces. The sum of the forces acting upon a beam iri 
one direction must equal the sum of the forces acting upon it in 
the opposite direction. 

Example: Three men wish to carry a weight of 150 lbs. sus- 
pended from a pole 12 ft. long and weighing 60 lbs. One man 
lifts one end of the pole and the other two lift the other end by 
means of a cross bar placed under the pole 2 ft. from that end. 
If the weight is placed 2^ ft. from the cross bar, and if the two 
men at the cross bar lift the same amount, find what each of the 
three men lift. 



— /2 



T 



ZX iSO 60 Y 

Fig.SS 

Let x = amount lifted by each man at the cross bar. 

Let y= amount lifted by the man at the other end. 

Place the fulcrum at the middle (Fig. 82). Then 

(+2x)(-4) + (-150)(-li) + (-60)(0)+(+y)(+6)=0 (1) 

(Art. 77) 

2x+y = 150+60 (Art. 181) (2) 
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-8x+6y=-225' (Simplifying (1) ) 
2x+ y= 210 (Simplifying (2) ) 

Solving, x= 74.25 
y=61.6 
Check in (1) 

(2.74.25(-4)+(-150)(-l|)+(-60)(0)+(+61.5)(+6) 
-694 +225 +0 +369 

-594 + 594 

2.74.25+61.5=210 
Check in (2) ■{ 148.5+61.5 = 210 

210=210 









Exercise 131 

t — 6. Find the unknown forces and arms in the following 
figures: 

± J. 

. s • 



s- 



-2— 



t 



iO JOO 



=ffTf 

X J60 I9O0 y 





X 400 



400400 



^h'^r 



IL 
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I 



200 800 

Fig. 83 
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e. A wooden beam 16 ft. long and weighing 420 lbs., carries 
a load of 3000 lbs. 5 ft. from one end. Find the pressure on the 
support at each end of the beam. 

7. A bridge is 24 ft. long and weighs 5 tons. What weight is 
borne by each support at the ends when a wagon weighing 2500 
lbs. is one third the way across? 

8. A man and a boy are to carry 400 lbs. on a pole 9 ft. long. 
How far from the boy must the load be placed so that he shall 
carry one fourth of the weight? 

9. A timber 16 ft. long weighing 1600 lbs. is supported by 
two iron posts placed 2 ft. from the ends. A weight of 2400 lbs. 
is resting upon the timber 3 ft. from the center. Find the 
pressure upon each post. 

10. An I-beam 18 ft. long, weighing 30 lbs. per foot is being 
moved by wheels and axles placed 2' and 4' from the ends. 
What will be the weight on each axle? 

11. A horizontal timber 24 ft. long has to support weights of 
250 lbs. each, placed at the ends and at intervals of 6 ft. through- 
out the length. One support of the timber is 7 ft. from the 
center, and the other is 10 ft. from the center. What weight is 
carried by each support? 

12. A timber 24" X 30" X 21' is being moved by a lumber 
wagon coupled to 10 ft. between the axles. The timber ex- 
tends 4 ft. beyond the front axle. If the timber weighs 48 lbs. 
per cubic foot, how much weight will each axle carry? 

13. A horizontal spring board 12 ft. long is fastened at one 
end, and at a point 2 ft. from that end. A man weighing 160 
lbs. is standing on the other end. Find the forces exerted at 
the two stationary points. 

14. Two men carrying a weight on a pole 16 ft. long, lift 
weights respectively of 100 and 140 lbs. What weight are they 
carrying, and how far from the second man is it placed? 
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15. A wagon loaded with 500 bricks weighing 5^ lbs. apiece, 
is being drawn across a bridge. The wagon box is 10 ft. long, 
and extends 2 ft. beyond the front axle and 2^ ft. beyond the 
rear axle. The bridge is 32 ft. long and weighs 5^ tons. Find 
the pressure on the piers at the ends of the bridge when the front 
axle of the wagon is f the way across. 



x+ y+ z=l 


(1) 


5x— 3y— z = 5 


(2) 


4x+ y+2z=3 


(3) 



Simultaneous Equations with Three or More Unknowns 

182 To solve equations containing two unknown quantities, it 
was necessary to have two equations. To solve equations con- 
taining three unknown quantities, three equations are necessary. 
The method of addition or subtraction makes it possible to 
eliminate one imknown and to obtain two new equations each 
containing the other two unknowns. 



Example 1: Solve: 



^Eliminate y by combining (1) and (2) and also by combining 
(1) and (3). 

3x+3y+3z = 3. (multiplying (1) ^y 3) (4) 

5x-3y- z = 5 (2) 

8x+ 2z = 8 (adding) 

x+y+ z = l (1) 

4x+y+2z = 3 <3) 

3x + Z = 2 (subtracting (1) from (3)) (5) 

8x+2z = 8 (4) 

3x+ z = 2 (5) 

Solving (4) and (5) by any method preferred, x = 2, z= — 4. 



202 



SIMULTANEOUS EQUATIONS 



To find y, substitute x=2, z=— 4, in any of the origina 
equations. 



- 


2+y-4=l 
y = 3 


(substituting in (1) ) 




Check: ■> 


2+3+ (-4) =1 in(l) 
10-9-(-4) =5 in (2) 
8+3+2 (-4) =3 in (3) 




Example 2: Solve: i 


■ x+3y+z = l 
2x-6y =0 


(1) 

(2) 




[ r'-'^=' 


(3) 


x+3y+z=l 
2x-6y =0 
X— 3y— 6z = 18 (clearing (3) of fractions) 


(1) 
(2) 
(4) 



Eliminate z in (1) and (4). 

6x+18y+6z= 6 (multiplying (1) by 6) 
X- 3y-6z = 18 

7x+15y =24 (adding) 

r2x-6y =0 
\7x+15y =24 

Solving (2) and (5), x = 2, y = f . 

2+3(1) + z = l (substituting x=2, y = | in (1) ) 
z=-3 



(5) 

(2) 
(5) 



Check: 



'2+3(f)+(-3) 
-2-2-6f 
lf-f-2(-3) 



= lin(l) 
= Oin (2) 
= 6 in (3) 
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Solve and check: 




» 


1. - 


'2x+2y+3z=4 
3x+4y+6z = 7 
^ x+2y+6z=4 


3. ^ 


' x+y+2z = i 
2x+3y-12z=4 

6(x+y)=4-6z 




' x-y-2z = 2 


4. 


x+y+ z = 6a 
2x-y+2z = 6a 
7x-2y-3z=-6a 


2 < 


x+y-2z=^16 




'2x+y-z = 7 


a* 


5x+ y+' = 3^ 
I 14 2 ^ 


5. - 


x-y =—1 . 
^ y-z =-1 
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Fig. 84 



THE GRAPH 

183 Co-ordinates: Certain facts may be represented by means of 
drawings. For example: if a building in a city is described as 
being five blocks east of the main north and south street, and two 
blocks north of the main east and west street, the building can be 

^ exactly located on the city 

map. (Fig 84.) A point can be 
located if its distances and 
directions from two intersect- 
ing straight lines are known. 
-£ The two intersecting lines are 
called reference lines and the 
two distances, the co-ordinates 
of the point. The horizontal 
distance is called the abscissa 
and is usually represented by 
X, and the vertical distance is called the ordinate and is usually 
represented by y. The directions are indicated by the plus 
and minus signs as in Art. 
67. Unless otherwise stated 
the reference lines are at 
right angles to each other 
and paper ruled as in Fig. 85 
may be used conveniently. 

A point is represented by 
the symbol (x, y). In Fig. 
85, the point A is repre- 
sented by (+5, +2), the 
point B by (-2, +5), the 
point C by ( — 3, — 7), and 
the point D by (+4, -4). 
Observe that the abscissa is 
always given first. Fig. 86 
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How are the points P, Q, R, and S represented? 

184 Location of Points: To locate a point, draw the reference 
lines, measure horizontally from their intersection the distance 
represented by the abscissa in the direction indicated by its 
sign; then measure vertically from that point the distance repre- 
sented by the ordinate in the direction indicated by its sign. 
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Fig. 86 



Fig. 87 



Example 1: Locate the point (—2, —6). Draw the refer- 
ence lines xx', yy'(Fig. 86.) From their intersection O, measure 
distance equal to 2 toward the lefty OM. From M, measure a 
distance equal to 6 down, MP. P is the point ( — 2, — 6) . 

Example 2: Locate the point (+2, -6). Draw the refer- 
ence lines xx', yy', (Fig. 87) . From their point of intersection, O, 
measure a distance equal to 2 toward the righty ON. From N, 
measure a distance equal to 6 downy NQ. Q is the point 
(+2, -6). 
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Exercise 133 


Locate the following points: 


1. (3,1) 


10. 


2. (1,3) 


11. 


3. (3, -1) 


12. 


4. (-1, -3) 


13. 


6. (-l,+3) 


14. 


6. (-3,-1) 


15. 


7. (4,0) 


16. 


8. (-4,0) 


17. 


9. (0,8) 





(0,-8) 
(0,0) 

(2, ^) • 
(2i -3j) 

(-1, V^3) 

(-^V2, -V53) 

(iv3rv5y_ 

(6V2, -JV5 



18. Draw a triangle whose vertices are the points (3, 6), 
(-5,1), and (2, -3). 

19. Draw a quadrilateral whose vertices are the points 
(2, 2), (2, -2), (-5, -5), and (-5, +5). 

20. Draw a rectangle whose vertices are (+7,+2), (— 3,+2), 
(—3, —5), (+7, —5), and find its area. 

185 Graph: A graph is a figure representing the relation between 
quantities. The relation between x and y expressed in the 
formula y=3x— 2, may be expressed by a graph as follows: 

• 

Evaluate the formula for several values of x, chosen at random 
(as in table). Using the corresponding values of x and y as 
co-ordinates, locate the points (3, 7), (0,-2), ( — 2,-8), 
(—3, —11). (Fig. 88). Draw a line through these points. 
This line is the graph of y = 3x — 2. 



X 


3 





-2 


-3 


y 


7 


-2 


-8 


-11 
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Graph: 

1. y=4x 

2. y=2x+l 

3. y = 3x+5 

4. y = 2x-3 

5. y=4x-l 

Notice that these graphs seem to be 
straight lines. If other values of x are 
chosen in evaluating y = 3x — 2 (Fig. 88) , 
and other points are located in the same 
way, such as (4, 10), (1, 1), ( — 1, —5), 
they lie in the same line. Also if the 
co-ordinates of any point in the line 
such as (2^, 6) are substituted in the 
formula, they check the equation; and if the co-ordinates of 
any point not on the line are substituted, such as (3, 5), the 
equation does not check. 

186 The graph of an equation containing only the first power of 
the unknown is a straight line. Hence, 

187 An equation of the first power is called a linear equation. 

188 Since a straight line can be drawn if any two of its points 
are known, it is necessary to locate only two points when 
graphing an equation of the first power. 
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Fig. 88 



NOTE: For the sake of accuracy in drawing, these points should not 
be close together, and this can be accomplished by choosing values of x 
which are not close together, such as x = +5, and x = — 8. 
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Example : Graph the equation 3x — 2y = 5. 

Splve the equation for y. 
3x-5 

y= — r- 



3x — 5 

Evaluate y = ^ for two values of x. 



If x=-3, 

Ifx=+7, 



y=-7 
y=+8. 



Locate the points (—3, —7) and (+7, +8) and draw 
straight line through them. 

AB (Fig. 89) is the graph of 3x-2y = 5. 
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Fig. 89 



Observe that for the sake of accuracy, it is better to choos 
values of x which will give integral values of y. 
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Exercise 136 




the equations: 








1. x+y = 5 




6. 


3x=5y 


2. x = 2y 




7. 


5x=10y-2 


3. 2x-y=ll 




8. 


x+y=0 


4. 3x = 5- 


■y 


9. 


x+y+3 = 


5. 7x+3y=10 




10. 


9x+2y+l = 



189 Let ft be required to graph y = 2x^+1. 



Evaluate the equation for sev- 
eral values of x. 



X 

y 


3 

19 


2 
9 


1 
3 



1 


-1 
3 


-2 
9 


-3 
19 



Locate the points (3, 19), (2, 9), 
(1, 3), (0, 1), (-1, 3), (-2, 9), 
(—3, 19), and draw a curve 
through these points (Fig. 90). 
The curve is the graph of y = 2x2 
+1. 

Observe: 

I. The graph of an equation 
containing a second power of the 
unknown is not a straight line. 

II. When the graph is not a straight line, it is necessary to 
evaluate the given expression for more than two values of x. 
•Enough points must be located to thoroughly determine the 
curve. 
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Fig. 90 
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190 Let it be required to graph 
y2=9x. 

Solve y* = 9x for y . 

y==fc3Vx 

Evaluate y==^3Vx for several 
values of x. 



X 






1 


2 


4 


8 


9 


12 


y 


±3 


±4.24 


±6 


±8.48 


±9 


±10.39 



Locate the points (0, 0), (l,+3,) 
(1,-3), (2,+4.24) (2,-4.24), 
(4,+6), (4,-6), (8,+8.48), (8,- 
8.48), (9, +9), etc. 

Draw a curve through these 
Fig. 91 points (Fig. 91). The curve is the 

graph of y2 = 9x. 

Observe that x can not have a negative value because it is 
impossible to find the square root of a negative number. 

191 A curve which is the graph of an equation containing the 
square of only one unknown quantity is called a Parabola 
(Figs. 90, 91.) 

Graph: 1. y = x2 2. y'^ = x 

192 Let it be required to graph 

x2+y2 = 25. 

Solve x^+y2 = 25 for y. 

y2 = 25-x2__ 
y = =i= V25-X2 



Evaluate y = ^ 


= V25- 


x' for several values of a;. 






X 


+5 



+4 


+3 


+1 





-1 


-3 


-4 


-5 


y 


±3 


±4 


±4.9 


±5 


±4.9 


±4 


*3 






THE CIRCLE AND THE ELLIPSE 
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Locate the points (5, 0), (+4, +3), (+4, -3, (+3, +4), 
(+3, -4), etc. 

Draw a curve through these points (Fig 92). The curve is 
the graph of x2+y2=25. 



kanM^MMiHMai mwm ^hm^hmh phb* ■■■ mmh ^^ ^^ ^^ ^^ ^^ 

I I Y 

?"r T"x 

- 



Fig. 92 



193 Let it be required to graph x2+9y2=36. 
Solve x2 + 9y2 = 36 for y. 

9y2 = 36-x2 

2 36-x2 



y = 



9 


=fcV36- 


-x« 

• 


3 


=*=V36- 


-x" 



Evaluate y = 5 for several values of x. 



X 





±2 


±4 


±6 


y 


±2 


±1.89 


±1.49 






Locate the points (0, +2), (0, -2), (+2, +1.89), (+2, 
1.89), (-2, +1.89), (-2, -1.89). etc. 
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Draw a curve through these points (Fig 93). The curve is 
the graph of x^+9y^ = 3Q, 




Fig. M 



194 A curve which is the graph of an equation containing the 
positive squares of both unknowns in the form x^+y^ = a^ is a 
Circle (Fig. 92). 

195 A curve which is the graph of an equation of the form 
x2+ay2 = b is an Ellipse (Fig. 93). 

Graph 1: x2+y2 = 100. 2. 9x2+4y2 = 36. 

196 Let it be required to graph 9y2— 4x^=4. 
Solve y^ — 4x2 = 4 f or y . 

y2= 4x2+4 



y==bV 4x2+4 





Evaluate y = ± V 4x*+4 for several values of 


X. 


X 





±1 


±2 


±3 


±4 


±5 


y 


±2 


±2.82 


±4.47 


±6.32 


±8.25 


± 10 . 20 



Locate the points (0, +2), (0, -2), (+1, +2.82), (+1, 
-2.82), (-1, +2.82), (-1, -2.82), (+2, +4.47), (+2, 
—4.47), etc. 



THE HYPERBOLA 
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Draw a curve through these points (Fig. 94). The curve is 
the graph of y*— 4x*=4. 
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197 A curve which is the graph of an equation of the form x^ 
ay2 = b is a Hyherhola (Fig. 94). 

Graph 9x2-4y2 = 36. 



Exercise 136 



Graph: 

1. x2+y2=16 

2. x2-y2=16 

3. 9x2+y2 = 36 



4. y2 = 3x+l 

5. 4y = 5x2-20 

6. y = x2+2x-3 
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Suggestion; 



THE GRAPH 

7. y2+2y=4x+8 

Solve the equation for y. 
y*+2y+l=4x+9 



Why? 



y+l = ± V4x+9 
y=± V4X+9-1 



Evaluate y= =*= V4x+9 — 1 for several values of x. 

8. x2+y2+2y=24 

9. x2-y2+8y=0 

10. x2+4x+4y2+16y = 180 



Graphs of Simultaneous Equations 



Y^ 

ZZZZZZZIZZZZZZZZ^ 

zzzzzzzzzzz^zi!zzz 



Fig. 96 



198 The graph of 2x = 3y+5 is the line AB (Fig. 95). The 
graph of y = x— 3 using the same reference lines, is the line CD 
(Fig. 95). 
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Observe: 

I. The co-ordinates of the points E, F, P, G all check the 
equation 2x = 3y+5. 

II. The co-ordinates of the points H, P, M all check the 
equation y=x— 3. 

III. The co-ordinates of the point P (4, 1) check both equa- 
tions. 

IV. Compare the co-ordinates of the point P with the values 
of X and y when these same equations were solved by substitu- 
tion in Example 1, Art. 172. 

199 If two equations are graphed VMug the same reference lines, 
the co-ordinates of each point of intersection check both equations, 
and are the valves of the unknowns found when the equations are 
sohed simultaneously. 

Graphing furnishes a method of checking the number of 
solutions of simultaneous equations. 

Example 1 : Solve the simultaneous equations and check by 
graphing: 

x2+y2=25 (1) 

3x+4y = (2) 

x2+y2=25 (1) 

-3x 





X2 


y= 


4* 


Solving (2) for y 




9x2 
■^16 


= 25 








X2 = 


= 16 








X = 


= ±4 


« 






y= 


-3x 
4 


= +3 


x = 


+4, 


y= 


-3 




x = 


-4, 


y= 


+3 
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Check: The graph of 
x2+y2=25 is the circle (Fig. 
96), and the graph of 3x+4y 
= 0, using, the same reference 
lines, is the line AB (Fig. 96). 

The points of intersection 
are (+4, -3) and (-4, +3). 

. Compare results. 



Fig. 96 



Example 2: Solve the equations and check by graphing: 



3x2+y2=:36 

X^— y2= 4 



(1) 

(2) 



4x2 = 40 (adding) 
X2=10 

= db V10==*=3.162 
10-y2=4 

y2=6 

y=±2.45 

/. x = 3.162, y==fc2.45 

x= -3.162, y==i=2.45 

Check: The graph of 3x2+y2=36 is the ellipse (Fig. 97). 
The graph of x^— y2=4 is the hyperbola (Fig. 97). The points 
of intersection are (+3.16, +2.45), (+3.16, -2.45), (-3.16, 
+2.45), and (-3.16; -2.45). 

Compare results. 

NOTE: The graph is only an approximate check on the accuracy of 

results. 
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Exercise 137 



Solve and check by graphing; 



1. < 



2. 



8. 



4. 



x+y = 4 



23 

6x+y==-. 

2x-3y=-3 
.3x-10y = l 

y=x^ 
x=y-6 

x2+y2^9 



r9x2+25y2 = 225 
• \3x+5y = 15 



6. 



7. 



9. 



10. 



'x2+y2 = 32 

x2+3y2 = 36 

'x2-y2+4 = 
x2+3y2 = 36 



_ r3x2+4y2=48 
' I4x2+3y2=48 



x2+y2 = 9 

x2+4y2=36 



x2+y2=:16 

x2-y2==16 
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Graphing of Statistics 

200 The graph is used to represent relations between quantities 
that are not always expressed by an equation. For example: 
suppose a thermometer is read every hour from 8 A. M. to 
8 P. M. on January 3 and the readings are as follows: 





A.M. 








Noon 


Hour 


8 


9 


10 


11 


12 


Reading 


-10° 


-2° 


+5° 


+20° 


+26° 



P.M. 



Hour 


1 


2 


3 


4 


5 


6 


7 


8 






Reading 


+28° 


+31° 


+22° 


+13° 


+ 12° 


+10° 


+ 12° 


+15° 



To graph the temperature for successive hours, the time is 
measured along a horizontal line, and the temperature along 
vertical lines. The number of spaces used to represent a unit of 
time and a imit of temperature may be chosen to suit the con- 
ditions of each problem. In this case, it is convenient to use 
one space for one hour horizontally, and one space for 5° ver- 
tically (Fig. 98). 

A similar temperature graph for June 3 is given in Fig. 98. 

At about what times was the temperature 60°? 75°? 78°? 

What was the temperature at 12 noon? At 4 P. M.? At 11 :30 
A. M.? 
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Fig. 98 



Exercise 138 

1. Graph the production of cotton in the U. S. from 1790 to 
1910 from the statistics given in the following table: 



Year 



Millions of Bales 



1790 


1800 


1810 


1820 


1830 


.1 


.2 


.25 


.35 


.7 



1840 



1.8 



Year 


1850 


1860 


1870 


1880 


1890 


1900 


1910 






Millions of Bales 


2.1 


3.8 


4.1 


6.3 


8.7 


10.3 


12.1 



2. The yearly output of an automobile factory for a period 
of years is given in the following table. Graph. 



Year 


1909 


1910 


1911 


1912 


1913 


1914 


1915 


1916 


Output 


12,000 


18,000 


38,000 


47,000 


56,000 


60,000 


92,000 


130,000 
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3. A student during one month of school work makes the 
following record. Graph his percentages. 



• 

No. of Problems Correct 


7 
10 


6 

8 


18 
20 


6 
12 


2 
6 


1 
3 


10 
15 



2 


8 
10 


5 


No. of Problems Assigned 


7 


No. of Problems Correct 


9 
9 


5 

8 


8 
10 


7 
8 


24 
25 



6 


7 
14 


3 
5 


7 
7 


11 


No. of Problems Assigned 


11 



4. A pulley is belted to a second pulley which is 21'' in 
diameter and has a speed of 240 R. P. M. Graph the change in 
speed, pulleys on the first shaft varying in size from S" to 24*^. 



Size of Pulley 



R. P. M. of Pullev. 



3" 


6"' 


9" 


12' 


15' 


18' 


21' 






- 





24' 



6. A line revolves from a horizontal position, about one end 
as a pivot through one complete revolution, returning to its 
original position. As the angle thus formed increases, the per- 
pendicular distance from a point on the revolving line to the 
horizontal line changes according to the following table. 
Graph (using one horizontal space to represent 15°, and one 
vertical space to represent 1). 



Angle 


ov 


30° 


45° 


60° 


90° 


120° 


135° 


150° 


180° 






Distance 





.5 


.71 


.87 


1 


.87 


.71 


.5 





Angle 


210° 


225° 


240° 


270° 


300° 


315° 


330° 


360° 






Distance 


-.5 


-.71 


-.87 


-.1 


-.87 


-.71 


-.5 
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No. 


8q. Bt. 


No. 


8q. Bt. 


No. 


8q. Bt. 


No. 
61 


8q. Bt. 


No. 


8q. Bt. 


1 


l.OOO 


21 


4.583 


41 


6.403 


7.810 


81 


9.0CX) 


2 


1.414 


22 


4.690 


42 


6.481 


62 


7.874 


82 


9.055 


8 


1.782 


28 


4.796 


48 


6.557 


68 


7.937 


83 


9.110 


4 


2.000 


24 


4.899 


44 


6.638 


64 


8.000 


84 


9.165 


5 


2.286 


25 


5.000 


45 


6.708 


65 


8.062 


85 


9.220 


6 


2.449 


26 


5.099 


46 


6.782 


66 


8.124 


86 


9.274 


7 


2.646 


27 


5.196 


47 


6.856 


67 


8.185 


87 


9.827 


8 


2.828 


28 


5.292 


48 


6.928 


68 


8.246 


88 


9.381 


9 


8.000 


29 


5.385 


49 


7.000 


69 


8.307 


89 


9.434 


lO 


8.162 


30 


5.477 


50 


7.071 


70 


8.367 


90 


9.487 


11 


8.817 


81 


5.568 


51 


7.141 


71 


8.426 


91 


9.589 


12 


8.464 


32 


5.657 


52 


7.211 


72 


8.485 


92 


9.592 


18 


8.606 


83 


5.745 


53 


7.280 


73 


8.544 


98 


9.644 


14 


8.742 


84 


5.831 


54 


7.849 


74 


8.602 


94 


9.695 


15 


8.873 


35 


5.916 


55 


7.416 


75 


8.660 


95 


9.747 


16 


4.000 


86 


6.000 


56 


7.488 


76 


8.718 


96 


9.798 


17 


4.128 


37 


6.088 


57 


7.550 


77 


8.775 


97 


9.849 


18 


4.243 


38 


6.164 


58 


7.616 


78 


8.882 


98 


9.899 


19 


4.859 


39 


6.245 


59 


7.681 


79 


8.888 


99 


9.950 


20 


4.472 


40 


6.325 


60 


7.746 


80 


8.944 


lOO 


lO.OOO 
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